IMOKOPH BOPOBBEBBI I'OPBI — 2023-24. MATEMATHKA.
Kpurtepun nposepkn. 11 kiaacc
Kaowcoasn u3 wecmu 3aoau ouenusaemcs 6 20 oannos. Maxcumanvnas ouenxa = 100 6annos.

Yuacmnuku, naopaswiue 100 unu 6onvue 100 6annos, nonyuarom ouenxy 100.

B kaxmoii u3 3a1a4 3a pa3jiMyHble HeOCTATKH (OIIMOKHU B JIOTHKE, IPONYIIeHHbIE Nepexoabl,
HEJ0CTATKH 000CHOBAHUIi, OIIUOKHU H T. JI.), MOTJIO OBITH CHSITO OT 5 10 20 6as10B.

KpOMe 3TOr0, HEKOTOPbIC CTAHAAPTHLIC OIIMOKM ONMUCAHBLI HUKE.

3agauya Ne 1 = 20 0ay10B ILirochI-MUHYCBI Bana
OTBeT HEeBepeH, HO IIPU 3TOM IOJIyYE€HO MPAaBUILHOE YPAaBHEHUE WIIN N 15
IIpaBWIbHAs CUCTEMA YPABHEHUM a

3agaua Ne 2 = 20 6ajiioB Inwcei-munycsl | bamn
CnenaH BepHbIH 1 000OCHOBaHHBIH I€pPEeX0]] OT HEPABEHCTB K paBEeH- N 15
ctBaM. OTBET IIPU 3TOM HEBEPEH a
[lepexon OT HEpaBEHCTB K paBEHCTBAM BEPHBIN, HO €r0 00OCHOBaHUE
COJICPKUT OLTUOKH WIIM BOOOIIE OTCYTCTBYeT. [Ipr 3TOM moITydeH Bep- + 15
HBIU OTBET
Ilepexon OT HEpPaBEHCTB K paBEHCTBAM BEPHBIA, HO €ro 000CHOBaHHE
COJIEPKUT OLIMOKYU HJIM BOOOIIE OTCYTCTBYET. [Ipu 3TOM OTBET HEBEp- + 5
HbIW WM HE MOJTy4YeH

3agaua Ne 3 = 20 6ajioB Iawcei-munycsl | Baman
WneitHo BepHOE pelieHre ypaBHEHMsI, BEpHO HaifieHbl KopHU. Cymma
KOpHEH Ha OTpe3Ke HalJileHa BEPHO, HO IIPHU ITOM UMEIOTCS 1e(DEKThI B + 15
00OCHOBAHHUSAX PACIIOJIOKEHUS KOPHEH
WneitHo BepHOE pelieHre ypaBHEHMsI, BEpHO HaifeHbl KopHU. Cymma N 15
KOpHEH Ha OTpe3Ke HalJileHa HEBEPHO M3-32 BEIYUCIUTEIbHBIX OINOOK B
Wneiino BepHOE pellieHne ypaBHEHHsI, HO UMEIOTCA Ie(PEeKTh B 000CHO-
BaHUU noucka kKopHeil. [Ipu 3ToM KOpHU Haii1IeHbl BEpPHO U BEPHO (1 + 15
000CHOBaHHO) HaliJleHa CyMMa KOpHEH Ha OTpe3Ke
WneitHo BepHOE pellIeHUE YpaBHEHMsI, BEpHO HalifieHbl KOpHU. Cymma

. . . +/2 10

KOpHEW Ha OTpe3Ke HE HailleHa WM HaliZiIcHa HEBEPHO
WneitHo BepHOE pelieHne ypaBHEHMsI, HO UMEIOTCs 1e(heKThl B 000CHO- _ .
BaHUU MOWCKA KOPHEW M HEBEPHO HaWI€HBI KOPHU "




3agaya Ne 4 = 20 6a10B ILnrochi-munycsl | baan
Wneiino BepHOE pelieHne, HO UMEIOTCs Ae(eKThl B TOKa3aTeIbCTBE.
t+ 15
[Ipu 3TOM moy4yeHsl 00a MpaBUIBHBIX OTBETA.
Hcnonp30BaH MpaBUIbHBIN c110CO0 penieHus (¢ J0Ka3aTeIbCTBOM), HO
+/2 10
II0JIy4€H TOJIBKO OJIUH OTBET
PaccMoTpen yacTHBIN ciy4ail, MoJlydeH OJWH MPaBUIbHBIA OTBET +/2 10
3agaga Ne 5 = 20 0as10B IL1rochbI-MUHYCBI Bbaaa
WneitHOo BepHOE pelieHne, HO UMEIOTCS 1e(heKThl B 000CHOBAaHUU TEX
+ 15
win UHBIX (hakToB. [loyueH nmpaBUIBHBIN OTBET.
WneitHo BepHOE pelieHre, OTBET HEBEPEH M3-3a BHIUMCIUTEIbHON
+ 15
OIHUOKHU
Wneiino BepHOE perieHne, HO UMEIOTCS 1ePEKThl B 000CHOBAHUHU TEX _
+ 5
WK UHBIX (hakToB. OTBET HEBEPEH M3-3a BBIUMCIUTEIHHON OMUOKU
3agaua Ne 6 = 20 6aji0B Iawcei-munycsl | Bamn
WneitHo BepHOE pelieHne, HO UMEIOTCs 1e(heKThl B 000CHOBAaHUU TeX
+ 15
K uHbIX (hakToB. [lomyyeH npaBUIBHBINA OTBET.
[Ipu uneiiHo NpaBUIIBLHOM PELIEHUH JTOMYLIECHbI BEIYUCIUTEIbHBIE
+ 15
OIHUOKHU
Wneiino BepHOE pelieHne, HO UMEIOTCs 1eeKThl B 000CHOBaHUH TeX _
+ 5

WJIN UHBIX (baKTOB. OtsBer HEBCPCH H3-3a BBIYHCIIUTEIIEHOM OIINOKH

Kpurepun yro4HsoTcs Mo Xo01y nNpoBepKu!




OTBeThI 1 peleHust

1-1. OTBet: Mmonens Anbda, Ha 50 M.

Pemenue. Pemum 3agauy B 00meM Buze. B ycioBuu 3agansl: U M/C — CKOPOCTh BETPa; MOJIENb
Anbda npoaepxkanach B BO3JyXe Ha t CeKyH]I MeHbIle Mojienu beta; mogens Asnbda
npoJserena Ha [ MEeTpOB JajblIie.

ITycTh v ¥ Vv, — CKOpPOCTH NPpU OE3BETPEHHOM TOoToIe Mojieneii Anbda u bera cOOTBEeTCTBEHHO (B
M/c), t; U t, — Bpems (B CEKyHJIaX), KOTOPOE MepBasi U BTOpasi MOJICTTN COOTBETCTBEHHO
MIPOJIEPKAIUCH B BO3/yXE.

Torna npu Bctpeunom Betpe (v, — U)t; — HaNBHOCTH moJieTa Mojenu Anbda, (v, — u)t, —
JTaIbHOCTH nojieta Moaenu beta. [1o ycnosuro:

t=t, —tq, =, —wit; — (v, —w)t, = vit; — vyt, + ut.
[Tpu Ge3BeTpeHHOM MOTo/Ie Pa3HOCTh MEXTY aTbHOCTHIO MOJIETa MEPBOI U BTOPON MoJIeNei paBHa
X = vty — vyty, = L — ut.
Taxum o6pazom, x > 0,ecmu l > ut; x < 0,ecmn | < ut; x = 0,ecnu | = ut.
I[MIpuu = 3,t = 150 u | = 500 nonyyaem x = 500 — 450 = 50 > 0. 3nayut, Mmoaens Anbda

MpoJeTUT fanpiine Ha 50 MeTpoB.

1-2. OtBer: Mozens b-2, va 100 M.
1-3. OtBer: Momeins bera, Ha 200 M.

1-4. OtBet: A-1,Ha 100 M.

2-1. OtBer: 4052.
Pemenne. Otmerum, uto f(0) =4, f(1) = 6,f(2) = 8.
ITo ycrnoButo, C OTHOH CTOPOHBI,
fx+6)<f(x+3)+6<f(x)+12,
a, C Ipyrou CTOPOHBI,
fx+6)=2f(x+4)+4=>f(x+2)+8= f(x) +12.

[Moatomy f(x + 6) = f(x) + 12 u, 6osee TOro, Bce HEPABEHCTBA BBIIIE OOPAIAIOTCS B PABCHCTBA.
IMostomy f(x +3) =f(x)+6,f(x+2)=f(x)+4uf(x+1) = f(x)+2.
Takum oOpa3om, uckomast pyHkiust — 310 GyHKIwms f(x) = 4 + 2X Opu HEeTbIX 3HAYCHHUSIX X.

Kpowme 3T0r0, M3BEeCTHBI 3HAYeHMs GyHKINHU Ha oTpeske [0; 2].

3naunt, £(2024) = 4 4+ 2024 -2 = 4052.



2-2. Otsert: 4051.
2-3. Otsert: 4054.
2-4. Otser: 4057.

s o Vs
3-1. OtBer: x = * arccos ctmmne Z. Cymma KOpHe# paBHa 47 — arccos -

Pemenue. [Tonb3ysck hopmynamu nmpeodpa3oBaHus MPOU3BEICHUS B CYMMY, I1OTy4aeM

¢ 1
cos 2 x + cos( 2 cos x) =18 7

IlycTb t = COS X, TOr/a JeBas 4acTh ypaBHeHus pasHa f (t) = 2t? — 1 + cos 2 t. ®ynkuus f

Bo3pacraet Ha [0; 1] (Tak kak f (t) = 2(2t —sin2t) > 0 npu t > 0) u ABNAETCA YETHOI,

.. T % 1 n? 1
npuuém f AT CrnenoBatenbHO, KOPHSIMHU ypaBHeHUs [ (t) = T~ 7 Ha oTpeske

[—1; 1] siBnsirorcst uncna t = +

old

o Vs
. Bo3Bpaiasich k nepeMeHHON X, HAXOIUM X = 1 arccos - +
n,neZ.
s V2 T 1 7w .
Taxk kak i arccos > < arccos < < arccos 5 = 7 TO Ha yKa3aHHbIH OTPE30K NOMAAT KOPHH m—

V3 V3 s T
arccos—, T + arccos e 2T — arccos - Wx cymma paBHa 41 — arccos -

. T o . T
3-2. OtBeT: x = arcsin—+mn, n € Z. Cymma kopHel paBHa 41 — arcsin p

3-3. OtBer: x = + arccos% + n, n € Z. Cymma KopHel paBHa 27 + arccos %.

3-4. OtBet: x = + arcsin% + n, n € Z. Cymma KopHe# paBHa 21 + arcsin g.

4-1. OtBer: 8 unm 2.

Pemenune. B Touke H mepecekaroTcst Tpu BBICOTHI
TpeyroiapHuKa. Tak kak O — eHTp ONMCaHHON
OKpY’KHOCTH, TO B Touke O nepecekarorcs
CepeIHHbIE IEPIIEHIUKYJIAPB] TpeyroiabHuka. Ilycts

touka M — cepeauna croponsl PV, torma GM —

Menuana. Touka T — Touka mepecedueHust MeIMaHbl U
npsimoit OH.
Tpeyronpanka MOT u GHT nmonoGus (cenyer u3 Bt s

napaensaoctd npsaMeix MO u HG, xoTtopbie 00e nieprieHauKyisspHbl npsmoii PV). Tak



kak HG = 2 - MO (310 (pakT U3 MIKOJIBHON reOMETPHH ), TO KOA(PHUIIMEHT 1MOJ00Us paBeH 2.
Buauut, GT : TM = 2 : 1, o ectb Meguana GM genurcs Toukoii T B oTHomeHuu 2 : 1. O1o
03HAYaeT, YTO | — TOYKa MepeceueHus Meanan Tpeyroiabauka PVG.

[ToaTomy mnomans AOHG B 2 pa3a 6onbiue miomanu AOHM. Tak kak M — cepenuna PV, To

Sponp + Saonv
Spoum = > = Saonc = Saoup * Saonv-

Ho 31ech omm6koii Ob11 ObI BBIBOJ O TOM, YTO, 3HAUUT, Spope = 5 + 3 = 8. Jleno B ToM, 4TO BbIIIE
JI0Ka3aHo, YTO OJIHA M3 3TUX TpeX IJIOLAAeH ABIseTCsS cyMMOit 1ByX npyrux. Ho kakas
MMEHHO, 3aBHCHUT OT PUCYHKA, KOTOPHBI MBI crienaeM. BaxHo, rie npsamas OH nepecekaet
CTOpOHBI TpeyroiabHuka. Ecinu Tpeyronsuuk PVG npaBuibablid, To Touku O u H coBnagatot
Y yKa3aHHBIC B YCIIOBUU 337a9d TPHU TUIOMIAIN BBIPOXKIAIOTCS (3TO 371€Ch HEBO3MOKHO, TaK
KaK J1aHO, yToO Tuiomiaau pasusl 3 u 5). Ecnu npamas OH npoxoaut uepes 1to0yio BEpIInHY
TpEeyroJbHUKA, TO TOTA OJIHA U3 TpeX Iulomiaei papHa 0, a ABe Ipyrue — HeHyJIeBbIe, HO
paBHBI MEX Ty cO00i (ToKe He Hamm ciydail). Eciu sxe npsmas OH miepecekaet 1Be CTOPOHBI
(paccMOTpEHHBIH BBIIIE CITy4ai), TO MbI JIOKa3aJId, YTO OJJHA U3 dTUX TPEX IUIOIaAeH (B
oaroM cirydae 310 OHG, B apyrom — OHP, B Tpethem — OHV) siBisieTcst cyMMoii IBYX
IpYTHUX.

[TosTomy mosyuyaem 6o 5 + 3 = X (To ecth X = 8), 60 3 + X =5 (10 ectb X = 2), 1160 5 + X =3

(4TO HEBO3MOXKHO).

4-2. OrBer: 23 vnu 7.
4-3. OtBer: 38 mwim 12,
4-4. OtBert: 14 wu 4.

5-1. OtBet: 24046 = 34+v/14. Pemienune. U3 ycnoBus BeiTekaet, yto ( # 0. Eciiu 0003HauuTH
A(x;0), B(x,;0), C(0;q), D(X;y), TO, O4EBHIHO, YTO X =Xl;2X2. Jlanee | DB|*<| DC [?

& (X=%)2+y?=x2+(y-0)* < 29y =q%+2xX, — X5. Tak KaKk 2X = X + X, , TO

P

2qy = g% + XX, . IToaTomy ¢ yuerom Teopemsl Buera: X = — % y= qT-'_l

Torma u3 ycinoBus 3a1aun uMeeM ypasHenue ¢ — p = 2 - (—2023) — 1 = —4047. 1o popmyie

KOpHeii KBagpaTHOro ypasuenus, |AB| = |x, — x;| = VD = /p? — 4q, otkyna crenyer
|AB|? = p?> —4q = p?> —4p + 4 - 4047 = (p — 2)? + 4 - 4046 > 4 - 4046.



Hannoe 3nauenue |AB| = 2v4046 = 34V 14 nocturaercsi npu p=2, q = —4045.

5-2. OtBer: 22023 = 34+/7 (nocruraercs mpu p = +4:/505 q=-3). 3xech
p2+(q+1)* =4.2021,
| AB|*= p® —4q =4-2021—(q+1)* —4q = 4-2021+8—(q+3)* <4-2023.
5-3. Otser: 4V/1011.

5-4. OtBet: 2v/2023 = 34+/7.

6-1. OtBer: a € [—1/4 + nn; mn) U [arctg 5 + ntn; arctg 6 + mn), n € Z.

Pemenue. [Tonoxum b = [tg a]. Torna ypasuenue npunumaet sug (|2b — 1|)* = b% + 2, b € Z.
Hy»Ho HaliTH BCe 1eNIOYHCIICHHbIC 3HaYCHU D, IPU KOTOPBIX CYIIECTBYET Pal[HOHAIBHOC
pelieHue x.

[Tpu b = 0 pemennii HeT. PaccMoTpum BHavane cinyyait b > 0, T.e. b € N. Toraa nockonbKy mnpu
Tr000M HaTypaJIbHOM b

b2+2>2b—-121,

TO MOKEM CUHMTATh, YTO B MpeCTaBIeHNn X = d/q uncna d v q HaTypanbHble. 3HaUuT, yncna b? +
21 2b — 1 UMEIOT OJTHU | T€ JKE MPOCTHIC ICTUTEIH.

[Tycth p — 001Ul NpoCTOM AEAUTENb ITUX YUCEN, TOTAa

{b2+2=pN,
2b—1=pM,

rae N u M — HatypajibHBbIE.
Hckmrouast b u3 neBBIX YacTel ypaBHEHUH 3TOW CHCTEMBI, ITOTydaeM
9=4(0b?*+2)—2b—-1)(2b+1) = (4N — (2b + 1)M)p.
3uaunt (4N — (2b + 1)M) — HatypanbsHoe, a p —aenutens 9, T.e. p = 3. [Toaromy
{bz +2=p",
2b — 1 = p¥,
rne m u k — HatypanabHble u m > k.
Tak kak
9=40b*+2)-2b—-1)2b+1) =4-3™ - (3*+2) -3k =3k(4.3m*k _3k_72),

a4'3m_k—3k—ZHe)IeHHTCHHa3,TOk=2Hm=3,b=5,X=§.



Jlnst oTpuniaTeNbHBIX b penieHre MpOBOAUTCS oUTH aHajgoruyHo. [Tonoxum ¢ = —b. Torma
UCXOJHOE ypaBHEHUE Oy/eT 3aMuChIBaThCS B BUJIE:
Qc+1)*=c*+2, c€eN
Ciyuaii ¢ = 1 oueBueH, ockoJibKy pemenue x = 1. [Iyctb ¢ € N, ¢ = 2. AHanoru4no
IpelbIIyIIeMy MOKa3bIBAETCS, UTO B MPEACTaBIeHUU X = d/q uicna d u q HaTypajbHbIE.

OnsATe NPEanoI0KUB, YTO P — OOIIMN IPOCTON JENINUTEND 3TUX YUCEN, TOTYUYUM

{cz + 2 =pN,

2c+1=pM,
U TaKXKe ClIeNIaeM BhIBOJI, uTO p = 3. [ToaTomy

{cz +2=3m,

2c +1 =3k,

riae m u k — HaTypaibHble © M > k.
Tak kak
9=4(c>+2)— (2c—1)2c+1)=4-3m—(3k-2) -3k = 3k(4-3mk —3k 1+ 2),
a4-3mk 3k L 2 ye nemurcsma3, Tok =2u4-3m2—-324+2=1wm4- 3" 2 =38,
HO ITOCJICJTHEE YPABHCHHUE HE UMEET HATYPAITbHBIX PEIICHUN.
[TosToMy BCe pelieHus ONMUCHIBAIOTCs ypaBHeHusMu: [tg a] = —1 u [tg a] = 5, pemmB KoTOpbIE

MpuxoauM K OTBETY.

6-2. OtBeT: a € (— g + n; — % + nn] U (arcctg 6 + n; arctg 5 + nn], n € Z.

6-3. OtBet: a € [—arctg 5 + nn; —arctg 4 + nmn) U [r/4 + nn; arctg 2 + nn),n € Z.
6-4. OtBet: a € (arcctg(—4) + nn; arcctg(—5) + nmn] U (arcctg2 + nn; w/4 + nn], n € Z.



