
�«¨¬¯¨ ¤  èª®«ì­¨ª®¢ �Ǒ¡�� ¯® ¬ â¥¬ â¨ª¥.� ª«îç¨â¥«ì­ë© íâ ¯. 2020/2021 ãç¥¡­ë© £®¤. 10 { 11 ª« ááë.� à¨ ­â 11. � ­¥ª®â®àëå ª«¥âª å ¯®«®áª¨ 1 × 2021 ¯®áâ ¢«¥­® ¯® ®¤­®© ä¨èª¥. � ª �¤ãî ¨§ ¯ãáâëåª«¥â®ª § ¯¨áë¢ ¥âáï ç¨á«®, à ¢­®¥ ¬®¤ã«î à §­®áâ¨ ª®«¨ç¥áâ¢  ä¨è¥ª á«¥¢  ¨ á¯à ¢  ®â íâ®©ª«¥âª¨. �§¢¥áâ­®, çâ® ¢á¥ § ¯¨á ­­ë¥ ç¨á«  à §«¨ç­ë ¨ ®â«¨ç­ë ®â ­ã«ï. � ª®¥ ­ ¨¬¥­ìè¥¥ª®«¨ç¥áâ¢® ä¨è¥ª ¬®�¥â ¡ëâì à ááâ ¢«¥­® ¢ ª«¥âª å?�â¢¥â: 1347.�¥è¥­¨¥. Ǒãáâì n | ª®«¨ç¥áâ¢® à ááâ ¢«¥­­ëå ä¨è¥ª. � ¬¥â¨¬, çâ® ç¨á«  ¢ ¯ãáâëå ª«¥âª å«¥� â ¢ ¤¨ ¯ §®­¥ ®â 1 ¤® n ¨ ¨¬¥îâ ®¤¨­ ª®¢ãî ç¥â­®áâì. Ǒ®íâ®¬ã â ª¨å ç¨á¥« ¬®�¥â ¡ëâì ­¥¡®«¥¥ [
n+12 ]. �­ ç¨â, ª®«¨ç¥áâ¢® ¯ãáâëå ª«¥â®ª ­¥ ¯à¥¢®áå®¤¨â [

n+12 ], ¨­ ç¥ à ááâ ¢«¥­­ë¥ ¢ ­¨åç¨á«  ¡ã¤ãâ ¯®¢â®àïâìáï. �®£¤ 2021− n 6
[
n+12 ]

6 n+12 , ®âªã¤  n > 40413 = 1347.Ǒ®ª �¥¬, çâ® §­ ç¥­¨¥ n = 1347 à¥ «¨§ã¥âáï. � ¬ ¯®¤®©¤¥â à ááâ ­®¢ª 01 01 . . . 01
︸ ︷︷ ︸674 ¯ àë 111 . . . 1

︸ ︷︷ ︸673 ç¨á«  ,£¤¥ ¥¤¨­¨æ ¬¨ ®¡®§­ ç¥­ë ä¨èª¨,   ­ã«ï¬¨ | ¯ãáâë¥ ª«¥âª¨. Ǒà¨ íâ®¬ ­  ¬¥áâ¥ ­ã«¥© ®ª �ãâáïá«¥¤ãîé¨¥ ç¨á« : 1347, 1345, 1343, . . . , 3, 1. �� ¬¥ç ­¨¥. Ǒà¨¢¥¤¥­­ ï ¢ à¥è¥­¨¨ à¥ «¨§ æ¨ï ­¥ ¥¤¨­áâ¢¥­­ . � ¯à¨¬¥à, ¯®¤®©¤¥â ¨ â ª ï:1 011 011 . . . 011 0 .�© á®®â¢¥âáâ¢ãîâ á«¥¤ãîé¨¥ ç¨á« :1345, 1341, . . . , 5, 1, 3, 7, . . . , 1343, 1347.2. Ǒ®«®�¨â¥«ì­ë¥ ç¨á«  a, b, c â ª®¢ë, çâ® a2 + b2 + c2 = 3. � ©¤¨â¥ ¬¨­¨¬ «ì­®¥ §­ ç¥­¨¥¢ëà �¥­¨ï
A = a4 + b4

c2 + 4ab + b4 + c4
a2 + 4bc + c4 + a4

b2 + 4ca.�â¢¥â: 65 .�¥è¥­¨¥. Ǒ® ­¥à ¢¥­áâ¢ ¬ ¤«ï áà¥¤­¨å
a4 + b4
c2 + 4ab >

a4 + b4
c2 + 2a2 + 2b2 = a4 + b43 + a2 + b2 >

(
a2 + b2)22(3 + a2 + b2) = (3− c2)22(6− c2) = 12 (

−c2 + 96− c2).�­ «®£¨ç­ë¬ ®¡à §®¬ ®æ¥­¨¢ îâáï ¤¢  ¤àã£¨å á« £ ¥¬ëå ¢ A. �ª« ¤ë¢ ï íâ¨ ­¥à ¢¥­áâ¢ , ¬ë¯®«ãç¨¬
A >

12 (

−
(
a2 + b2 + c2)+ 96− a2 + 96− b2 + 96− c2) >

12 (

−3 + 8118− (
a2 + b2 + c2))= 65 .� ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ a = b = c = 1. �



3. � ­ à ¢­®¡¥¤à¥­­ë© âà¥ã£®«ì­¨ª ABC á ®á­®¢ ­¨¥¬ BC. �  ¯à®¤®«�¥­¨¨ áâ®à®­ë AC §  â®ç-ªã C ®â¬¥ç¥­  â®çª  K, ¨ ¢ âà¥ã£®«ì­¨ª ABK ¢¯¨á ­  ®ªàã�­®áâì á æ¥­âà®¬ ¢ â®çª¥ I.�¥à¥§ â®çª¨ B ¨ I ¯à®¢¥¤¥­  ®ªàã�­®áâì, ª á îé ïáï ¯àï¬®© AB ¢ â®çª¥ B. �â  ®ªàã�-­®áâì ¢â®à¨ç­® ¯¥à¥á¥ª ¥â ®âà¥§®ª BK ¢ â®çª¥ L. � ©¤¨â¥ ã£®« ¬¥�¤ã ¯àï¬ë¬¨ IK ¨ CL.�â¢¥â: 90◦.
I

B

A

K
C

L M

N

�¥è¥­¨¥. Ǒãáâì IM ¨ IN | ¯¥à¯¥­¤¨ªã«ïàë, ®¯ãé¥­­ë¥ ¨§ â®çª¨ I ­  AK ¨ BK á®®â¢¥â-áâ¢¥­­®. � ¬¥â¨¬, çâ® ∠ABI = ∠BLI, ¯®áª®«ìªã ¯àï¬ ï AB ª á ¥âáï ®¯¨á ­­®© ®ªàã�­®áâ¨âà¥ã£®«ì­¨ª  BLI. Ǒàï¬ ï AI | ¡¨áá¥ªâà¨á  ã£«  A,   AB = AC ¯® ãá«®¢¨î. �­ ç¨â, âà¥ã£®«ì-­¨ª¨ ABI ¨ ACI à ¢­ë ¯® ¤¢ã¬ áâ®à®­ ¬ ¨ ã£«ã. Ǒ®íâ®¬ã
∠ACI = ∠ABI = ∠BLI ¨ IM = IN,â® ¥áâì ¯àï¬®ã£®«ì­ë¥ âà¥ã£®«ì­¨ª¨ CMI ¨ LNI à ¢­ë. �«¥¤®¢ â¥«ì­®,
KC = KM − CM = KN − LN = KL.Ǒàï¬ ï KI ï¢«ï¥âáï ¡¨áá¥ªâà¨á®© à ¢­®¡¥¤à¥­­®£® âà¥ã£®«ì­¨ª  CLK, ®âªã¤  KI ⊥ CL. �4. �  ¤®áª¥ ­ ¯¨á ­® ç¨á«® 1200. Ǒ¥âï ¯à¨¯¨á « ª ­¥¬ã á¯à ¢  10n + 2 ¯ïâ¥à®ª, £¤¥ n | ­¥®â-à¨æ â¥«ì­®¥ æ¥«®¥ ç¨á«®. � áï ¯®¤ã¬ «, çâ® íâ® è¥áâ¥à¨ç­ ï § ¯¨áì ­ âãà «ì­®£® ç¨á«  x,¨ à §«®�¨« x ­  ¯à®áâë¥ ¬­®�¨â¥«¨. �ª § «®áì, çâ® áà¥¤¨ ­¨å à®¢­® ¤¢  à §«¨ç­ëå. Ǒà¨ª ª¨å n íâ® ¢®§¬®�­®?�â¢¥â: n = 0.�¥è¥­¨¥. �®£®¢®à¨¬áï è¥áâ¥à¨ç­ë¥ ç¨á«  ¯¨á âì ¢ áª®¡ª å, çâ®¡ë ®â«¨ç âì ¨å ®â ¤¥áïâ¨ç­ëå.�®£¤ 

x = (1200 55 . . .5
︸ ︷︷ ︸10n+2 ) = (1201 00 . . .0

︸ ︷︷ ︸10n+2 )− 1 = 289 · 610n+2 − 1 == (17 · 6 · 65n − 1)(17 · 6 · 65n + 1) = (102 · 7776n − 1)(102 · 7776n + 1).�á«¨ n = 0, â® x = 101 · 103, çâ® ­ ¬ ¯®¤å®¤¨â. Ǒãáâì n > 1. � ¬¥â¨¬, çâ®102mod 101 = 1, 7776nmod 101 = (77 · 101− 1)nmod 101 = (−1)n.Ǒ®«®�¨¬ a = 102 · 7776n− 1, b = 102 · 7776n+1. �â¨ ç¨á«  ¢§ ¨¬­® ¯à®áâë, â ª ª ª ®­¨ ­¥ç¥â­ë ¨à §«¨ç îâáï ­  2. � áá¬®âà¨¬ ¤¢  á«ãç ï.1) n ç¥â­®. �®£¤  a ¤¥«¨âáï ­  101. �® a ¨ b ­¥ ¨¬¥îâ ®¡é¨å ¯à®áâëå ¤¥«¨â¥«¥©, ®âªã¤  a = 101p¯à¨ ­¥ª®â®à®¬ ­ âãà «ì­®¬ p. �ë ¯®«ãç¨¬101p − 1 = 102 · 7776n − 2 = 2 (51 · 7776n − 1),



çâ® ­¥¢®§¬®�­®, ¯®áª®«ìªã «¥¢ ï ç áâì ªà â­  4,   ¯à ¢ ï | ­¥â.2) n ­¥ç¥â­®. �®£¤  b ¤¥«¨âáï ­  101 ¨,  ­ «®£¨ç­®, b = 101q ¯à¨ ­¥ª®â®à®¬ ­ âãà «ì­®¬ q.Ǒ®íâ®¬ã 101q − 1 = 102 · 7776n,çâ® ­¥¢®§¬®�­®, ¯®áª®«ìªã «¥¢ ï ç áâì ªà â­  5,   ¯à ¢ ï | ­¥â. �5. � áâà ­¥ �¨¬®­¨¨ ¢ ®¡à é¥­¨¨ ¨á¯®«ì§ãîâáï ¬®­¥âë ¤®áâ®¨­áâ¢®¬ 6n+ 1, 6n+ 3, 6n+ 5 ¨6n+ 7 ¯¨ áâà®¢, £¤¥ n | ­ âãà «ì­®¥ ç¨á«®. �¨â¥«ì áâà ­ë § è¥« ¢ ¡ ­ª, ­¥ ¨¬¥ï ¯à¨ á¥¡¥­ «¨ç­ëå ¤¥­¥£. � ªãî ­ ¨¡®«ìèãî áã¬¬ã ¥¬ã ­¥ á¬®£ãâ ¢ë¤ âì ¢ ¡ ­ª¥?�â¢¥â: 12n2 + 8n− 1.�¥è¥­¨¥. � §®¢¥¬ ­ âãà «ì­®¥ ç¨á«® s à §«®�¨¬ë¬, ¥á«¨ áã¬¬ã s ¡ ­ª ¬®�¥â ¢ë¯« â¨âì¬®­¥â ¬¨ ¤®áâ®¨­áâ¢®¬ â®«ìª® 6n+3, 6n+5 ¨ 6n+7 ¯¨ áâà®¢. �«ï «î¡®£® r = 1, . . . , 6n ®¡®§­ ç¨¬ç¥à¥§ mr ­ ¨¬¥­ìè¥¥ à §«®�¨¬®¥ ç¨á«®, ¤ îé¥¥ ¯à¨ ¤¥«¥­¨¨ ­  6n + 1 ®áâ â®ª r. �®ª �¥¬ ¤¢ ãâ¢¥à�¤¥­¨ï.1) �á«¨ r ∈ {1, . . . , 6n}, smod (6n+ 1) = r, â® ¯à¨ s > mr áã¬¬ã s ¡ ­ª ¢ë¯« â¨âì á¬®�¥â,  ¯à¨ s < mr | ­¥ á¬®�¥â. Ǒ¥à¢®¥ ãâ¢¥à�¤¥­¨¥ ®ç¥¢¨¤­®: ­ ¤® ¢­ ç «¥ ¢ë¯« â¨âì áã¬¬ã mr,  § â¥¬ ¤®¡ ¢¨âì ­¥ª®â®à®¥ ª®«¨ç¥áâ¢® ¬®­¥â ¯® 6n+ 1 ¯¨ áâà®¢. Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® s < mr¨ áã¬¬ã s ¢ë¯« â¨âì ¬®�­®. Ǒà¨ íâ®¬ ¯à¨¤¥âáï ¨á¯®«ì§®¢ âì ­¥áª®«ìª® ¬®­¥â ¯® 6n+1 ¯¨ áâà®¢.�¡à ¢ ¢á¥ íâ¨ ¬®­¥âë, ¬ë ¯®«ãç¨¬ à §«®�¨¬ãî áã¬¬ã, ¬¥­ìèãî mr ¨ â®�¥ ¤ îéãî ®áâ â®ª r¯à¨ ¤¥«¥­¨¨ ­  6n+ 1. �â® ¯à®â¨¢®à¥ç¨â ¬¨­¨¬ «ì­®áâ¨ mr.2) �¨á«  2kmod (6n+ 1) ¯à®¡¥£ îâ §­ ç¥­¨ï {1, . . . , 6n} ¯à¨ k = 1, . . . , 6n. �¥©áâ¢¨â¥«ì­®, ­ ¬¤®áâ â®ç­® ¯®ª § âì, çâ® ¢á¥ ®­¨ à §«¨ç­ë. �á«¨ 2k − 2k′ ªà â­® (6n + 1), â® (k − k′) ... (6n + 1).� ª ª ª |k − k′| 6 6n, ¬ë ¯®«ãç ¥¬ k = k′.�ç¥¢¨¤­®, çâ® áã¬¬ë, ªà â­ë¥ 6n+ 1, ¢ë¯« â¨âì ¬®�­®. �®£¤  ¢ á¨«ã 1) ®â¢¥â®¬ § ¤ ç¨ ¡ã¤¥âmax{m1, . . . ,m6n}− (6n+1). � ©¤¥¬ ­ ¨¡®«ìè¥¥ ¨§ ç¨á¥« mr. Ǒãáâì r ∈ {1, . . . , 6n}. � ¬¥â¨¬, çâ®6n+ 3 = (6n+ 1) + 2, 6n+ 5 = (6n+ 1) + 4 ¨ 6n+ 7 = (6n+ 1) + 6.� á¨«ã 2) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ ç¨á«® k ∈ {1, . . . , 6n}, ¤«ï ª®â®à®£® 2kmod (6n+1) = r. Ǒ®áª®«ì-ªã ®áâ âª¨ ¬®­¥â ¯® ¬®¤ã«î 6n+ 1 ¯à¨­¨¬ îâ §­ ç¥­¨ï 2, 4 ¨ 6, ­ ¬ ­ ¤® ¯à¥¤áâ ¢¨âì 2k ¢ ¢¨¤¥áã¬¬ë ¬¨­¨¬ «ì­®£® ª®«¨ç¥áâ¢  íâ¨å ç¨á¥«. �­  à¥ «¨§ã¥âáï â ª: áª« ¤ë¢ ¥¬ è¥áâ¥àª¨, ¯®ª ­¥ ¯®«ãç¨âáï á ¬®¥ ¡®«ìè®¥ ç¨á«®, ­¥ ¯à¥¢®áå®¤ïé¥¥ 2k,   § â¥¬ ¯à¨ ­¥®¡å®¤¨¬®áâ¨ ¤®¡ ¢«ï¥¬ 2¨«¨ 4. � íâ®© áã¬¬¥ ¡ã¤¥â [
k+23 ] á« £ ¥¬ëå. �®£¤ 

mr = 2k + [
k+23 ]

· (6n+ 1) 6 2 · 6n+ 2n (6n+ 1) = 12n2 + 14n,¯à¨ç¥¬ à ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ k = 6n. �­ ç¨â, ®â¢¥â®¬ ¢ § ¤ ç¥ ¡ã¤¥â12n2 + 14n− (6n+ 1) = 12n2 + 8n− 1. �



� à¨ ­â 21. � ­¥ª®â®àëå ª«¥âª å ¯®«®áª¨ 1 × 2100 ¯®áâ ¢«¥­® ¯® ®¤­®© ä¨èª¥. � ª �¤ãî ¨§ ¯ãáâëåª«¥â®ª § ¯¨áë¢ ¥âáï ç¨á«®, à ¢­®¥ ¬®¤ã«î à §­®áâ¨ ª®«¨ç¥áâ¢  ä¨è¥ª á«¥¢  ¨ á¯à ¢  ®â íâ®©ª«¥âª¨. �§¢¥áâ­®, çâ® ¢á¥ § ¯¨á ­­ë¥ ç¨á«  à §«¨ç­ë ¨ ®â«¨ç­ë ®â ­ã«ï. � ª®¥ ­ ¨¬¥­ìè¥¥ª®«¨ç¥áâ¢® ä¨è¥ª ¬®�¥â ¡ëâì à ááâ ¢«¥­® ¢ ª«¥âª å?�â¢¥â: 1400.�¥è¥­¨¥. Ǒãáâì n | ª®«¨ç¥áâ¢® à ááâ ¢«¥­­ëå ä¨è¥ª. � ¬¥â¨¬, çâ® ç¨á«  ¢ ¯ãáâëå ª«¥âª å«¥� â ¢ ¤¨ ¯ §®­¥ ®â 1 ¤® n ¨ ¨¬¥îâ ®¤¨­ ª®¢ãî ç¥â­®áâì. Ǒ®íâ®¬ã â ª¨å ç¨á¥« ¬®�¥â ¡ëâì ­¥¡®«¥¥ [
n+12 ]. �­ ç¨â, ª®«¨ç¥áâ¢® ¯ãáâëå ª«¥â®ª ­¥ ¯à¥¢®áå®¤¨â [

n+12 ], ¨­ ç¥ à ááâ ¢«¥­­ë¥ ¢ ­¨åç¨á«  ¡ã¤ãâ ¯®¢â®àïâìáï. �®£¤ 2100− n 6
[
n+12 ]

6 n+12 , ®âªã¤  n > 41993 = 1399 23 ¨ n > 1400.Ǒ®ª �¥¬, çâ® §­ ç¥­¨¥ n = 1400 à¥ «¨§ã¥âáï. � ¬ ¯®¤®©¤¥â à ááâ ­®¢ª 01 01 . . . 01
︸ ︷︷ ︸700 ¯ à 111 . . . 1

︸ ︷︷ ︸700 ç¨á¥« ,£¤¥ ¥¤¨­¨æ ¬¨ ®¡®§­ ç¥­ë ä¨èª¨,   ­ã«ï¬¨ | ¯ãáâë¥ ª«¥âª¨. Ǒà¨ íâ®¬ ­  ¬¥áâ¥ ­ã«¥© ®ª �ãâáïá«¥¤ãîé¨¥ ç¨á« : 1400, 1398, 1396, . . . , 4, 2. �� ¬¥ç ­¨¥. Ǒà¨¢¥¤¥­­ ï ¢ à¥è¥­¨¨ à¥ «¨§ æ¨ï ­¥ ¥¤¨­áâ¢¥­­ . � ¯à¨¬¥à, ¯®¤®©¤¥â ¨ â ª ï:101 101 . . . 101
︸ ︷︷ ︸350 âà®¥ª 110 110 . . . 110

︸ ︷︷ ︸350 âà®¥ª ,�© á®®â¢¥âáâ¢ãîâ á«¥¤ãîé¨¥ ç¨á« :1398, 1394, . . . , 6, 2, 4, 8, . . . , 1396, 1400.2. Ǒ®«®�¨â¥«ì­ë¥ ç¨á«  a, b, c â ª®¢ë, çâ® a+ b+ c = 3. � ©¤¨â¥ ¬¨­¨¬ «ì­®¥ §­ ç¥­¨¥ ¢ëà -�¥­¨ï
A = a3 + b38ab+ 9− c2 + b3 + c38bc+ 9− a2 + c3 + a38ca+ 9− b2 .�â¢¥â: 38 .�¥è¥­¨¥. � ¬¥â¨¬, çâ®4(a3 + b3) > (a+ b)3 ¨ 9− c2 = (3− c)(3 + c) = (a+ b)(3 + c).�®£¤  ¯® ­¥à ¢¥­áâ¢ ¬ ¤«ï áà¥¤­¨å4(a3 + b3)8ab+ 9− c2 >
(a+ b)32(a+ b)2 + 9− c2 = (a+ b)22(a+ b) + 3 + c

= (3− c)29− c
= −c− 3 + 369− c

.�­ «®£¨ç­ë¬ ®¡à §®¬ ®æ¥­¨¢ îâáï ¤¢  ¤àã£¨å á« £ ¥¬ëå ¢ 4A. �ª« ¤ë¢ ï íâ¨ ­¥à ¢¥­áâ¢ , ¬ë¯®«ãç¨¬
A >

14 (

−(a+ b+ c)− 9 + 369− a
+ 369− b

+ 369− c

)

> −3 + 8127− (a+ b+ c) = 38 .� ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ a = b = c = 1. �



3. �¨ £®­ «¨ ¢¯¨á ­­®£® ç¥âëà¥åã£®«ì­¨ª  ABCD ¯¥à¥á¥ª îâáï ¢ â®çª¥ O. Ǒãáâì K ¨ L |â®çª¨ ¯¥à¥á¥ç¥­¨ï ®¯¨á ­­®© ®ªàã�­®áâ¨ âà¥ã£®«ì­¨ª  AOB á ¯àï¬ë¬¨ AD ¨ BC á®®â¢¥â-áâ¢¥­­®. � ©¤¨â¥ ®â­®è¥­¨¥ OK : OL, ¥á«¨ ¨§¢¥áâ­®, çâ® ∠BCA = ∠BDC.�â¢¥â: 1 : 1.
O

A

D

B
C

K

L

�¥è¥­¨¥. Ǒ®áª®«ìªã ç¥âëà¥åã£®«ì­¨ª ABCD ¢¯¨á ­­ë©, ¢¥à­ë à ¢¥­áâ¢  ∠BAC = ∠BDC ¨
∠BCA = ∠BDA. � ¬¥â¨¬ â ª�¥, çâ® ∠BCA = ∠BDC ¯® ãá«®¢¨î ¨ ∠BAO = ∠BLO ª ª ã£«ë,®¯¨à îé¨¥áï ­  ®¤­ã ¤ã£ã. �®£¤ 

∠BCA = ∠BDC = ∠BAC = ∠BAO = ∠BLO.Ǒ®íâ®¬ã âà¥ã£®«ì­¨ª CLO à ¢­®¡¥¤à¥­­ë©, â® ¥áâì OC = OL. �à®¬¥ â®£®,
∠ADO = ∠BCA = ∠BDC = ∠ODC ¨ ∠AKO = ∠ABO = ∠ABD = ∠ACD.�­ ç¨â, âà¥ã£®«ì­¨ª¨ DKO ¨ DCO à ¢­ë ¯® ¤¢ã¬ ã£« ¬ ¨ áâ®à®­¥, ®âªã¤  OK = OC. � ª¨¬®¡à §®¬, OK = OL. �4. �  ¤®áª¥ ­ ¯¨á ­® ç¨á«® 12320. Ǒ¥âï ¯à¨¯¨á « ª ­¥¬ã á¯à ¢  10n + 1 âà®¥ª, £¤¥ n | ­¥®â-à¨æ â¥«ì­®¥ æ¥«®¥ ç¨á«®. � áï ¯®¤ã¬ «, çâ® íâ® ç¥â¢¥à¨ç­ ï § ¯¨áì ­ âãà «ì­®£® ç¨á«  x,¨ à §«®�¨« x ­  ¯à®áâë¥ ¬­®�¨â¥«¨. �ª § «®áì, çâ® áà¥¤¨ ­¨å à®¢­® ¤¢  à §«¨ç­ëå. Ǒà¨ª ª¨å n íâ® ¢®§¬®�­®?�â¢¥â: n = 0.�¥è¥­¨¥. �®£®¢®à¨¬áï ç¥â¢¥à¨ç­ë¥ ç¨á«  ¯¨á âì ¢ áª®¡ª å, çâ®¡ë ®â«¨ç âì ¨å ®â ¤¥áïâ¨ç­ëå.�®£¤ 

x = (12320 33 . . .3
︸ ︷︷ ︸10n+1 ) = (12321 00 . . .0

︸ ︷︷ ︸10n+1 )− 1 = 441 · 4 · 410n − 1 = (42 · 1024n − 1)(42 · 1024n + 1).�á«¨ n = 0, â® x = 41 · 43, çâ® ­ ¬ ¯®¤å®¤¨â. Ǒãáâì n > 1. � ¬¥â¨¬, çâ®1024mod 41 = 322mod 41 = (−9)2mod 41 = −1, ®âªã¤  1024nmod 41 = (−1)n.Ǒ®«®�¨¬ a = 42 · 1024n − 1, b = 42 · 1024n + 1. �â¨ ç¨á«  ¢§ ¨¬­® ¯à®áâë, â ª ª ª ®­¨ ­¥ç¥â­ë ¨à §«¨ç îâáï ­  2. � áá¬®âà¨¬ ¤¢  á«ãç ï.1) n ç¥â­®. �®£¤  a ¤¥«¨âáï ­  41. �® a ¨ b ­¥ ¨¬¥îâ ®¡é¨å ¯à®áâëå ¤¥«¨â¥«¥©, ®âªã¤  a = 41p¯à¨ ­¥ª®â®à®¬ ­ âãà «ì­®¬ p. �ë ¯®«ãç¨¬41p − 1 = 42 · 1024n − 2 = 2 (21 · 1024n − 1),çâ® ­¥¢®§¬®�­®, ¯®áª®«ìªã «¥¢ ï ç áâì ªà â­  4,   ¯à ¢ ï | ­¥â.



2) n ­¥ç¥â­®. �®£¤  b ¤¥«¨âáï ­  41 ¨,  ­ «®£¨ç­®, b = 41q ¯à¨ ­¥ª®â®à®¬ ­ âãà «ì­®¬ q.Ǒ®íâ®¬ã 41q − 1 = 42 · 1024n,çâ® ­¥¢®§¬®�­®, ¯®áª®«ìªã «¥¢ ï ç áâì ªà â­  5,   ¯à ¢ ï | ­¥â. �5. � áâà ­¥ �¨¬®­¨¨ ¢ ®¡à é¥­¨¨ ¨á¯®«ì§ãîâáï ¬®­¥âë ¤®áâ®¨­áâ¢®¬ 6n+ 1, 6n+ 4, 6n+ 7 ¨6n+10 ¯¨ áâà®¢, £¤¥ n | ­ âãà «ì­®¥ ç¨á«®. �¨â¥«ì áâà ­ë § è¥« ¢ ¡ ­ª, ­¥ ¨¬¥ï ¯à¨ á¥¡¥­ «¨ç­ëå ¤¥­¥£. � ªãî ­ ¨¡®«ìèãî áã¬¬ã ¥¬ã ­¥ á¬®£ãâ ¢ë¤ âì ¢ ¡ ­ª¥?�â¢¥â: 12n2 + 14n− 1.�¥è¥­¨¥. � §®¢¥¬ ­ âãà «ì­®¥ ç¨á«® s à §«®�¨¬ë¬, ¥á«¨ áã¬¬ã s ¡ ­ª ¬®�¥â ¢ë¯« â¨âì¬®­¥â ¬¨ ¤®áâ®¨­áâ¢®¬ â®«ìª® 6n+4, 6n+7 ¨ 6n+10 ¯¨ áâà®¢. �«ï «î¡®£® r = 1, . . . , 6n ®¡®§­ ç¨¬ç¥à¥§ mr ­ ¨¬¥­ìè¥¥ à §«®�¨¬®¥ ç¨á«®, ¤ îé¥¥ ¯à¨ ¤¥«¥­¨¨ ­  6n + 1 ®áâ â®ª r. �®ª �¥¬ ¤¢ ãâ¢¥à�¤¥­¨ï.1) �á«¨ r ∈ {1, . . . , 6n}, smod (6n+ 1) = r, â® ¯à¨ s > mr áã¬¬ã s ¡ ­ª ¢ë¯« â¨âì á¬®�¥â,  ¯à¨ s < mr | ­¥ á¬®�¥â. Ǒ¥à¢®¥ ãâ¢¥à�¤¥­¨¥ ®ç¥¢¨¤­®: ­ ¤® ¢­ ç «¥ ¢ë¯« â¨âì áã¬¬ã mr,  § â¥¬ ¤®¡ ¢¨âì ­¥ª®â®à®¥ ª®«¨ç¥áâ¢® ¬®­¥â ¯® 6n+ 1 ¯¨ áâà®¢. Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® s < mr¨ áã¬¬ã s ¢ë¯« â¨âì ¬®�­®. Ǒà¨ íâ®¬ ¯à¨¤¥âáï ¨á¯®«ì§®¢ âì ­¥áª®«ìª® ¬®­¥â ¯® 6n+1 ¯¨ áâà®¢.�¡à ¢ ¢á¥ íâ¨ ¬®­¥âë, ¬ë ¯®«ãç¨¬ à §«®�¨¬ãî áã¬¬ã, ¬¥­ìèãî mr ¨ â®�¥ ¤ îéãî ®áâ â®ª r¯à¨ ¤¥«¥­¨¨ ­  6n+ 1. �â® ¯à®â¨¢®à¥ç¨â ¬¨­¨¬ «ì­®áâ¨ mr.2) �¨á«  3kmod (6n+ 1) ¯à®¡¥£ îâ §­ ç¥­¨ï {1, . . . , 6n} ¯à¨ k = 1, . . . , 6n. �¥©áâ¢¨â¥«ì­®, ­ ¬¤®áâ â®ç­® ¯®ª § âì, çâ® ¢á¥ ®­¨ à §«¨ç­ë. �á«¨ 3k − 3k′ ªà â­® (6n + 1), â® (k − k′) ... (6n + 1).� ª ª ª |k − k′| 6 6n, ¬ë ¯®«ãç ¥¬ k = k′.�ç¥¢¨¤­®, çâ® áã¬¬ë, ªà â­ë¥ 6n+ 1, ¢ë¯« â¨âì ¬®�­®. �®£¤  ¢ á¨«ã 1) ®â¢¥â®¬ § ¤ ç¨ ¡ã¤¥âmax{m1, . . . ,m6n}− (6n+1). � ©¤¥¬ ­ ¨¡®«ìè¥¥ ¨§ ç¨á¥« mr. Ǒãáâì r ∈ {1, . . . , 6n}. � ¬¥â¨¬, çâ®6n+ 4 = (6n+ 1) + 3, 6n+ 7 = (6n+ 1) + 6 ¨ 6n+ 10 = (6n+ 1) + 9.� á¨«ã 2) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ ç¨á«® k ∈ {1, . . . , 6n}, ¤«ï ª®â®à®£® 3kmod (6n + 1) = r. Ǒ®-áª®«ìªã ®áâ âª¨ ¬®­¥â ¯® ¬®¤ã«î 6n+ 1 ¯à¨­¨¬ îâ §­ ç¥­¨ï 3, 6 ¨ 9, ­ ¬ ­ ¤® ¯à¥¤áâ ¢¨âì 3k ¢¢¨¤¥ áã¬¬ë ¬¨­¨¬ «ì­®£® ª®«¨ç¥áâ¢  íâ¨å ç¨á¥«. �­  à¥ «¨§ã¥âáï â ª: áª« ¤ë¢ ¥¬ ¤¥¢ïâª¨, ¯®ª ­¥ ¯®«ãç¨âáï á ¬®¥ ¡®«ìè®¥ ç¨á«®, ­¥ ¯à¥¢®áå®¤ïé¥¥ 3k,   § â¥¬ ¯à¨ ­¥®¡å®¤¨¬®áâ¨ ¤®¡ ¢«ï¥¬ 3¨«¨ 6. � íâ®© áã¬¬¥ ¡ã¤¥â [
k+23 ] á« £ ¥¬ëå. �®£¤ 

mr = 3k + [
k+23 ]

· (6n+ 1) 6 3 · 6n+ 2n (6n+ 1) = 12n2 + 20n,¯à¨ç¥¬ à ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ k = 6n. �­ ç¨â, ®â¢¥â®¬ ¢ § ¤ ç¥ ¡ã¤¥â12n2 + 20n− (6n+ 1) = 12n2 + 14n− 1. �



� à¨ ­â 31. Ǒà¨ ª ª¨å ­ âãà «ì­ëå n ª«¥âç âãî ¤®áªã n× n ¬®�­® à §à¥§ âì ­  ª¢ ¤à âë 1× 1 ¨ 2× 2â ª, çâ® ª¢ ¤à â®¢ à §­ëå à §¬¥à®¢ ¡ã¤¥â ¯®à®¢­ã?�â¢¥â: ¢á¥ n > 5, ªà â­ë¥ 5.�¥è¥­¨¥. Ǒãáâì ¤®áªã ¬®�­® à §à¥§ âì ­  m ª¢ ¤à â®¢ 1 × 1 ¨ m ª¢ ¤à â®¢ 2 × 2. �®£¤ 
n2 = m+4m = 5m, ®âªã¤  n2 ... 5 ¨ n

... 5,   m = n25 . �­ ç¨â, ­ ¬ ­¥ ¯®¤å®¤ïâ n, ª®â®àë¥ ­¥ ¤¥«ïâáï­  5.Ǒãáâì n ... 5. � ¬¥â¨¬, çâ® ¯à¨ n > 10 ¤®áªã n×n ¬®�­® à §à¥§ âì ­  ª¢ ¤à âë à §¬¥à  10×10 ¨15× 15. Ǒ®íâ®¬ã ­ ¬ ¤®áâ â®ç­® ¯à®¢¥à¨âì, çâ® n = 10 ¨ n = 15 ã¤®¢«¥â¢®àïîâ ãá«®¢¨î § ¤ ç¨,  
n = 5 | ­¥â. Ǒà¨ â ª¨å n ­  ¤®áª¥ n×n ¯®¬¥é ¥âáï ¬ ªá¨¬ã¬ 25, 49 ¨ 4 ­¥­ «¥£ îé¨å ª¢ ¤à â®¢à §¬¥à  2 × 2,   âà¥¡ã¥âáï ¨å 20, 45 ¨ 5 á®®â¢¥âáâ¢¥­­®. �®£¤  á«ãç © n = 5 ­¥ ¯®¤å®¤¨â. Ǒà¨
n = 10 ¨ n = 15 ¬®�­® ¢ëà¥§ âì á®®â¢¥âáâ¢¥­­® 20 ¨ 45 ª¢ ¤à â®¢ à §¬¥à  2 × 2,   ®áâ ¢èãîáïç áâì ¤®áª¨ à §à¥§ âì ­  ®¤¨­®ç­ë¥ ª«¥âª¨. �­ ç¨â, n = 10 ¨ n = 15 ã¤®¢«¥â¢®àïîâ ãá«®¢¨î. �2. Ǒ®«®�¨â¥«ì­ë¥ ç¨á«  a, b, c â ª®¢ë, çâ® a2b+ b2c+ c2a = 3. � ©¤¨â¥ ¬¨­¨¬ «ì­®¥ §­ ç¥­¨¥¢ëà �¥­¨ï

A = a7b+ b7c+ c7a+ ab3 + bc3 + ca3.�â¢¥â: 6.�¥è¥­¨¥. Ǒ® ­¥à ¢¥­áâ¢ã �®è¨
A = (

a7b+ ab3)+ (
b7c+ bc3)+ (

c7a+ ca3) > 2 (a4b2 + b4c2 + c4a2) > 23 (a2b+ b2c+ c2a)2 = 6.� ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ a = b = c = 1. �3. � ­ ­¥à ¢­®¡¥¤à¥­­ë© ®áâà®ã£®«ì­ë© âà¥ã£®«ì­¨ª ABC. � ­¥¬ ¯à®¢¥¤¥­ë ¢ëá®âë BB1 ¨ CC1,¯¥à¥á¥ª îé¨¥áï ¢ â®çª¥ H. �ªàã�­®áâ¨ ω1 ¨ ω2 á æ¥­âà ¬¨ H ¨ C á®®â¢¥âáâ¢¥­­® ª á îâáï¯àï¬®© AB. �§ â®çª¨ A ª ω1 ¨ ω2 ¯à®¢¥¤¥­ë ª á â¥«ì­ë¥, ®â«¨ç­ë¥ ®â AB. �¡®§­ ç¨¬ â®çª¨¨å ª á ­¨ï á íâ¨¬¨ ®ªàã�­®áâï¬¨ ç¥à¥§ D ¨ E á®®â¢¥âáâ¢¥­­®. � ©¤¨â¥ ã£®« B1DE.�â¢¥â: 180◦.
C

H

C1

A

B

B1

D

E

ω1

ω2

�¥è¥­¨¥. Ǒ®áª®«ìªã ¯àï¬®ã£®«ì­ë¥ âà¥ã£®«ì­¨ª¨ ACC1 ¨ ACE à ¢­ë ¯® ª â¥âã ¨ £¨¯®-â¥­ã§¥, ¯àï¬ ï CA | ¡¨áá¥ªâà¨á  à ¢­®¡¥¤à¥­­®£® âà¥ã£®«ì­¨ª  C1CE. Ǒ®íâ®¬ã ®­  ï¢«ï¥âáïá¥à¥¤¨­­ë¬ ¯¥à¯¥­¤¨ªã«ïà®¬ ª ®âà¥§ªã C1E, â® ¥áâì â®çª¨ C1 ¨ E á¨¬¬¥âà¨ç­ë ®â­®á¨â¥«ì­®¯àï¬®© AC. �§ à ¢¥­áâ¢  âà¥ã£®«ì­¨ª®¢ AHD ¨ AHC1 ¢ëâ¥ª ¥â â ª�¥, çâ® ∠AHD = ∠AHC1.� ç¥âëà¥åã£®«ì­¨ª  AB1HC1 ¥áâì ¤¢  ¯à®â¨¢®¯®«®�­ëå ¯àï¬ëå ã£« . �­ ç¨â, ®­ ¢¯¨á ­­ë©,®âªã¤  ∠AB1C1 = ∠AHC1. � á¨«ã á¨¬¬¥âà¨¨ â®ç¥ª C1 ¨ E

∠AB1E = ∠AB1C1 = ∠AHC1.



�à®¬¥ â®£®, ∠ADH = 90◦ = ∠AB1H . Ǒ®íâ®¬ã ç¥âëà¥åã£®«ì­¨ª ADB1H â ª�¥ ¢¯¨á ­­ë©, ¨
∠AB1D = ∠AHD = ∠AHC1.� ª¨¬ ®¡à §®¬, ∠AB1D = ∠AB1E, â® ¥áâì ∠B1DE = 180◦. �4. Ǒ¥âï ­ ¯¨á « ­  ¤®áª¥ ¯®¤àï¤ n ¯®á«¥¤®¢ â¥«ì­ëå ¤¢ã§­ ç­ëå ç¨á¥« (n > 2), ¯¥à¢®¥ ¨§ ª®â®àëå­¥ á®¤¥à�¨â æ¨äàã 4,   ¯®á«¥¤­¥¥ | æ¨äàã 7. � áï ¯®¤ã¬ «, çâ® íâ® ¤¥áïâ¨ç­ ï § ¯¨áì­ âãà «ì­®£® ç¨á«  x, ¨ à §«®�¨« x ­  ¯à®áâë¥ ¬­®�¨â¥«¨. �ª § «®áì, çâ® ¨å ¢á¥£® ¤¢  ¨®­¨ à §«¨ç îâáï ­  4. �â® ­ ¯¨á ­® ­  ¤®áª¥?�â¢¥â: 2021.�¥è¥­¨¥. Ǒãáâì a ¨ b | ¯à®áâë¥ ¤¥«¨â¥«¨ x, b = a+4. Ǒ àë ¯®á«¥¤­¨å æ¨äà a ¨ b ¬®£ãâ ¡ëâì(3, 7), (7, 1), (9, 3). � ª ª ª x ­¥ ¬®�¥â ®ª ­ç¨¢ âìáï ­  7, ¢®§¬®�¥­ â®«ìª® ¯¥à¢ë© á«ãç ©. �®£¤ ç¨á«® y = a+ b2 ®ª ­ç¨¢ ¥âáï ­  5 ¨, §­ ç¨â, ¨¬¥¥â ¢¨¤ y = 10m+ 5. �âáî¤ 

y2mod 100 = 25 (4m2 + 4m+ 1)mod 100 = 25,â® ¥áâì y2 ®ª ­ç¨¢ ¥âáï ­  25. Ǒ®íâ®¬ã x = y2 − 4 ®ª ­ç¨¢ ¥âáï ­  21, ¨ 21 | ¯®á«¥¤­¥¥ ¨§ ç¨á¥«,­ ¯¨á ­­ëå Ǒ¥â¥©. �­ ç¨â, x ¯à¨­¨¬ ¥â ®¤­® ¨§ á«¥¤ãîé¨å §­ ç¥­¨©:2021, 192021, 18192021, . . . , 1011 . . .2021.Ǒ¥à¢®¥ ¨§ ­¨å ­ ¬ ¯®¤å®¤¨â, ¯®áª®«ìªã 2021 = 43 ·47. � ¬¥â¨¬, çâ® x ­¥ ¤¥«¨âáï ­  3 ¨ ­  11 (¨­ ç¥
x 6 3 · (3 + 4) = 21 ¨ x 6 11 · (11 + 4) = 165 á®®â¢¥âáâ¢¥­­®). Ǒ® ¯¥à¢®¬ã ãá«®¢¨î ¬ë ®â¡à áë¢ ¥¬ç¨á« , ­ ç¨­ îé¨¥áï á 10, 12, 13, 15, 16, 18, 19,   ¯® ¢â®à®¬ã | ç¨á«®, ­ ç¨­ îé¥¥áï á 11 (áã¬¬ë¥£® æ¨äà ­  ç¥â­ëå ¨ ­¥ç¥â­ëå ¯®§¨æ¨ïå à §«¨ç îâáï ­  33). � ç¨­ âìáï á 14 ç¨á«® x ­¥ ¬®�¥â¯® ãá«®¢¨î. �á«¨ x = 1718192021, â®

y2 = x+ 4 = 1718192025.�® ¯à ¢ ï ç áâì ¤¥«¨âáï ­  11 ¨ ­¥ ¤¥«¨âáï ­  121,   ¯®â®¬ã â®ç­ë¬ ª¢ ¤à â®¬ ¡ëâì ­¥ ¬®�¥â. �5. � áâà ­¥ �¨¬®­¨¨ ¢ ®¡à é¥­¨¨ ¨á¯®«ì§ãîâáï ¬®­¥âë ¤®áâ®¨­áâ¢®¬ 3n, 3n−1 · 5, 3n−2 · 52,3n−3 · 53, . . . , 3 · 5n−1, 5n ¯¨ áâà®¢, £¤¥ n | ­ âãà «ì­®¥ ç¨á«®. �¨â¥«ì áâà ­ë § è¥« ¢ ¡ ­ª,­¥ ¨¬¥ï ¯à¨ á¥¡¥ ­ «¨ç­ëå ¤¥­¥£. � ªãî ­ ¨¡®«ìèãî áã¬¬ã ¥¬ã ­¥ á¬®£ãâ ¢ë¤ âì ¢ ¡ ­ª¥?�â¢¥â: 5n+1 − 2 · 3n+1.�¥è¥­¨¥. � âãà «ì­®¥ ç¨á«® s ­ §®¢¥¬ n-à §«®�¨¬ë¬, ¥á«¨ áã¬¬ã s ¬®�­® ¢ë¯« â¨âì ¬®-­¥â ¬¨ ¤®áâ®¨­áâ¢®¬ 3n, 3n−1 · 5, . . . , 5n ¯¨ áâà®¢, ¨ n-­¥à §«®�¨¬ë¬ ¢ ¯à®â¨¢­®¬ á«ãç ¥. Ǒà¨
n = 1 ¤®áâã¯­ë â®«ìª® ¬®­¥âë ¯® 3 ¨ 5 ¯¨ áâà®¢. �á«¨ s > 10, â® ­ ©¤¥âáï â ª®¥ r ∈ {0, 1, 2}, çâ®(s−5r) ... 3. �®£¤  s ¨¬¥¥â ¢¨¤ 5r+3k, â® ¥áâì ï¢«ï¥âáï 1-à §«®�¨¬ë¬. �ç¥¢¨¤­® â ª�¥, çâ® ç¨á« 9 ¨ 8 ¡ã¤ãâ 1-à §«®�¨¬ë¬¨,   7 | ­¥â. � ª¨¬ ®¡à §®¬, ¬ ªá¨¬ «ì­ë¬ 1-­¥à §«®�¨¬ë¬ ç¨á«®¬ï¢«ï¥âáï 7 = 52 − 2 · 32.�®ª �¥¬, çâ® ¤«ï «î¡®£® ­ âãà «ì­®£® n ç¨á«® 5n+1− 2 · 3n+1 ¡ã¤¥â n-­¥à §«®�¨¬ë¬. �¤¥« ¥¬íâ® ¯® ¨­¤ãªæ¨¨. � §ã ¬ë ã�¥ ¯à®¢¥à¨«¨. Ǒãáâì ¤«ï n− 1 ãâ¢¥à�¤¥­¨¥ á¯à ¢¥¤«¨¢®. �®¯ãáâ¨¬,çâ® ç¨á«® s = 5n+1 − 2 · 3n+1 ®ª § «®áì n-à §«®�¨¬ë¬. �á«¨ ¢ áã¬¬ã s ¢å®¤¨â m ¬®­¥â ¯® 5n¯¨ áâà®¢, â® m < 5 ¨ (5n+1 −m · 5n) ... 3, ®âªã¤  m = 2. Ǒ®íâ®¬ã ­ ©¤ãâáï ­¥®âà¨æ â¥«ì­ë¥ æ¥«ë¥ç¨á«  k1, . . . , kn, ¤«ï ª®â®àëå

s = 2 · 5n + k1 · 5n−1 · 3 + . . .+ kn · 3n.�® â®£¤  5n − 2 · 3n = s− 2 · 5n3 = k1 · 5n−1 + k2 · 5n−2 · 3 + . . .+ kn · 3n−1,



çâ® ­¥¢®§¬®�­®, ¯®áª®«ìªã ç¨á«® 5n − 2 · 3n ­¥ ï¢«ï¥âáï (n− 1)-à §«®�¨¬ë¬.�®ª �¥¬ â¥¯¥àì, çâ® ¥á«¨ s > 5n+1 − 2 · 3n+1, â® ç¨á«® s ï¢«ï¥âáï n-à §«®�¨¬ë¬. �­®¢  ¢®á-¯®«ì§ã¥¬áï ¨­¤ãªæ¨¥© ¯® n. � §ã ¬ë ã�¥ ¯à®¢¥à¨«¨. Ǒà¥¤¯®«®�¨¬, çâ® ¤«ï n − 1 ãâ¢¥à�¤¥­¨¥á¯à ¢¥¤«¨¢®. �ë¡¥à¥¬ r ∈ {0, 1, 2} â ª, çâ®¡ë s − r · 5n ¤¥«¨«®áì ­  3. Ǒ®«®�¨¬ N = s− r · 5n3 .�®£¤ 
N >

5n+1 − 2 · 3n+1 − r · 5n3 = (5− r) 5n − 2 · 3n+13 >
3 · 5n − 2 · 3 · 3n3 = 5n − 2 · 3n,¨ ¯® ¨­¤ãªæ¨®­­®¬ã ¯à¥¤¯®«®�¥­¨î N ¡ã¤¥â (n − 1)-à §«®�¨¬ë¬. �­ ç¨â, ­ ©¤ãâáï ­¥®âà¨æ -â¥«ì­ë¥ æ¥«ë¥ ç¨á«  k1, . . . , kn, ¤«ï ª®â®àëå

N = k1 · 5n−1 + k2 · 5n−2 · 3 + . . .+ kn · 3n−1, â® ¥áâì s = r · 5n + k1 · 5n−1 · 3 + . . .+ kn · 3n.� ª¨¬ ®¡à §®¬, ç¨á«® s ï¢«ï¥âáï n-à §«®�¨¬ë¬. �



� à¨ ­â 41. Ǒà¨ ª ª¨å ­ âãà «ì­ëå n ª«¥âç âãî ¤®áªã n × n ¬®�­® à §à¥§ âì ­  ¯àï¬®ã£®«ì­¨ª¨ 1× 1¨ 2× 3 â ª, çâ® ¯àï¬®ã£®«ì­¨ª®¢ à §­ëå à §¬¥à®¢ ¡ã¤¥â ¯®à®¢­ã?�â¢¥â: ¢á¥ n > 7, ªà â­ë¥ 7.�¥è¥­¨¥. Ǒãáâì ¤®áªã ¬®�­® à §à¥§ âì ­  m ª¢ ¤à â®¢ 1×1 ¨ m ¯àï¬®ã£®«ì­¨ª®¢ 2×3. �®£¤ 
n2 = m+6m = 7m, ®âªã¤  n2 ... 7 ¨ n

... 7,   m = n27 . �­ ç¨â, ­ ¬ ­¥ ¯®¤å®¤ïâ n, ª®â®àë¥ ­¥ ¤¥«ïâáï­  7.Ǒãáâì n
... 7. � ¬¥â¨¬, çâ® ¯à¨ n > 14 ¤®áªã n × n ¬®�­® à §à¥§ âì ­  ª¢ ¤à âë à §¬¥à 14× 14 ¨ 21× 21. Ǒ®íâ®¬ã ­ ¬ ¤®áâ â®ç­® ¯à®¢¥à¨âì, çâ® n = 14 ¨ n = 21 ã¤®¢«¥â¢®àïîâ ãá«®¢¨î§ ¤ ç¨,   n = 7 | ­¥â. Ǒà¨ â ª¨å n ­  ¤®áª¥ n× n ¯®¬¥é ¥âáï ¬ ªá¨¬ã¬ 28, 70 ¨ 6 ­¥­ «¥£ îé¨å¯àï¬®ã£®«ì­¨ª®¢ à §¬¥à  2 × 3,   âà¥¡ã¥âáï ¨å 28, 63 ¨ 7 á®®â¢¥âáâ¢¥­­®. �®£¤  á«ãç © n = 7­¥ ¯®¤å®¤¨â. Ǒà¨ n = 14 ¨ n = 21 ¬®�­® ¢ëà¥§ âì á®®â¢¥âáâ¢¥­­® 28 ¨ 63 ¯àï¬®ã£®«ì­¨ª®¢à §¬¥à  2× 3,   ®áâ ¢èãîáï ç áâì ¤®áª¨ à §à¥§ âì ­  ®¤¨­®ç­ë¥ ª«¥âª¨. �­ ç¨â, n = 14 ¨ n = 21ã¤®¢«¥â¢®àïîâ ãá«®¢¨î. �2. Ǒ®«®�¨â¥«ì­ë¥ ç¨á«  a, b, c â ª®¢ë, çâ® a2b+ b2c+ c2a = 3. � ©¤¨â¥ ¬¨­¨¬ «ì­®¥ §­ ç¥­¨¥¢ëà �¥­¨ï

A = √
a6 + b4c6

b
+ √

b6 + c4a6
c

+ √
c6 + a4b6

a
.�â¢¥â: 3√2.�¥è¥­¨¥. �®á¯®«ì§ã¥¬áï ­¥à ¢¥­áâ¢®¬ √

x+ y > 1√2 (√x +√
y
) ¯à¨ x, y > 0. � ãç¥â®¬ ­¥à -¢¥­áâ¢  �®è¨ ¬ë ¯®«ãç¨¬

A >
1√2 (

a3 + b2c3
b

+ b3 + c2a3
c

+ c3 + a2b3
a

) = 1√2 (
a3
b
+ bc3 + b3

c
+ ca3 + c3

a
+ ab3) >

>
1√2 ((

a3
b
+ ab3)+(

b3
c
+ bc3)+(

c3
a
+ ca3)) >

√2 (a2b+ b2c+ c2a) = 3√2.� ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ a = b = c = 1. �3. �®ªàã£ ®áâà®ã£®«ì­®£® âà¥ã£®«ì­¨ª  ABC ®¯¨á ­  ®ªàã�­®áâì. �®çª  K | á¥à¥¤¨­  ¬¥­ì-è¥© ¤ã£¨ AC íâ®© ®ªàã�­®áâ¨,   â®çª  L | á¥à¥¤¨­  ¬¥­ìè¥© ¤ã£¨ AK íâ®© ®ªàã�­®áâ¨.�âà¥§ª¨ BK ¨ AC ¯¥à¥á¥ª îâáï ¢ â®çª¥ P . � ©¤¨â¥ ã£®« ¬¥�¤ã ¯àï¬ë¬¨ BC ¨ LP , ¥á«¨¨§¢¥áâ­®, çâ® BK = BC.�â¢¥â: 90◦.
B

C

A

K

P

L M

N
ϕ

�¥è¥­¨¥. Ǒãáâì ∠ABL = ϕ. �®£¤  ∠KBL = ϕ ¨ ∠KBC = 2ϕ. Ǒ®áª®«ìªã BK = BC, ¬ë¯®«ãç ¥¬ ∠BKC = ∠BCK = 90◦ − ϕ. �à®¬¥ â®£®,
∠LCK + ∠BKC = ∠LBK + ∠BKC = ϕ+ (90◦ − ϕ) = 90◦,



â® ¥áâì ¯àï¬ë¥ BK ¨ CL ¯¥à¯¥­¤¨ªã«ïà­ë. � ¤àã£®© áâ®à®­ë,
∠BLC + ∠ACL = ∠BKC + ∠ABL = (90◦ − ϕ) + ϕ = 90◦,¯®íâ®¬ã ¯àï¬ë¥ BL ¨ AC â ª�¥ ¯¥à¯¥­¤¨ªã«ïà­ë. �â «® ¡ëâì, â®çª  P ï¢«ï¥âáï ®àâ®æ¥­âà®¬âà¥ã£®«ì­¨ª  BCL, ®âªã¤  LP ⊥ BC. �4. Ǒ¥âï ­ ¯¨á « ­  ¤®áª¥ ¯®¤àï¤ ¢ ã¡ë¢ îé¥¬ ¯®àï¤ª¥ n ¯®á«¥¤®¢ â¥«ì­ëå ¤¢ã§­ ç­ëå ç¨á¥«,¯®á«¥¤­¥¥ ¨§ ª®â®àëå ­¥ á®¤¥à�¨â æ¨äàã 7. � áï ¯®¤ã¬ «, çâ® íâ® ¤¥áïâ¨ç­ ï § ¯¨áì ­ âã-à «ì­®£® ç¨á«  x, ¨ à §«®�¨« x ­  ¯à®áâë¥ ¬­®�¨â¥«¨. �ª § «®áì, çâ® ¨å ¢á¥£® ¤¢  ¨ ®­¨à §«¨ç îâáï ­  4. �â® ­ ¯¨á ­® ­  ¤®áª¥?�â¢¥â: 91.�¥è¥­¨¥. Ǒãáâì a ¨ b | ¯à®áâë¥ ¤¥«¨â¥«¨ x, b = a + 6. Ǒ àë ¯®á«¥¤­¨å æ¨äà a ¨ b ¬®£ãâ¡ëâì (1, 7), (3, 9), (7, 3). � ª ª ª x ­¥ ¬®�¥â ®ª ­ç¨¢ âìáï ­  7, ¢®§¬®�¥­ â®«ìª® ¯®á«¥¤­¨© á«ãç ©.�®£¤  ç¨á«® y = a+ b2 ®ª ­ç¨¢ ¥âáï ­  5 ¨«¨ ­  0. � ¬¥â¨¬, çâ® ç¨á«® x ­¥ç¥â­® ¨ x = y2 − 9.�­ ç¨â, ç¨á«® y ç¥â­®, â® ¥áâì ®­® ªà â­® 10, ®âªã¤ 

xmod 100 = (y2 − 9)mod 100 = 100− 9 = 91.� ª¨¬ ®¡à §®¬, x ®ª ­ç¨¢ ¥âáï ­  91 ¨ ¯à¨­¨¬ ¥â ®¤­® ¨§ á«¥¤ãîé¨å §­ ç¥­¨©:91, 9291, 939291, . . . , 9998 . . .9291.Ǒ¥à¢®¥ ¨§ ­¨å ­ ¬ ¯®¤å®¤¨â, ¯®áª®«ìªã 91 = 13 · 7. Ǒ®ª �¥¬, çâ® ¢á¥ ®áâ «ì­ë¥ ç¨á«  ­¥ ¯®¤å®¤ïâ.�¥©áâ¢¨â¥«ì­®, ¤«ï ­¨å y2 ®ª ­ç¨¢ ¥âáï ­  300. �®£¤  ç¨á«® y ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ 10z, £¤¥ z2®ª ­ç¨¢ ¥âáï ­  3, çâ® ­¥¢®§¬®�­®. � ª¨¬ ®¡à §®¬, x = 91 | ¥¤¨­áâ¢¥­­ë© ®â¢¥â. �5. � áâà ­¥ �¨¬®­¨¨ ¢ ®¡à é¥­¨¨ ¨á¯®«ì§ãîâáï ¬®­¥âë ¤®áâ®¨­áâ¢®¬ 2n, 2n−1 · 3, 2n−2 · 32,2n−3 · 33, . . . , 2 · 3n−1, 3n ¯¨ áâà®¢, £¤¥ n | ­ âãà «ì­®¥ ç¨á«®. �¨â¥«ì áâà ­ë § è¥« ¢ ¡ ­ª,­¥ ¨¬¥ï ¯à¨ á¥¡¥ ­ «¨ç­ëå ¤¥­¥£. � ªãî ­ ¨¡®«ìèãî áã¬¬ã ¥¬ã ­¥ á¬®£ãâ ¢ë¤ âì ¢ ¡ ­ª¥?�â¢¥â: 3n+1 − 2n+2.�¥è¥­¨¥. � âãà «ì­®¥ ç¨á«® s ­ §®¢¥¬ n-à §«®�¨¬ë¬, ¥á«¨ áã¬¬ã s ¬®�­® ¢ë¯« â¨âì ¬®-­¥â ¬¨ ¤®áâ®¨­áâ¢®¬ 2n, 2n−1 · 3, . . . , 3n ¯¨ áâà®¢, ¨ n-­¥à §«®�¨¬ë¬ ¢ ¯à®â¨¢­®¬ á«ãç ¥. Ǒà¨
n = 1 ¤®áâã¯­ë â®«ìª® ¬®­¥âë ¯® 2 ¨ 3 ¯¨ áâà . �á«¨ s > 3, â® ­ ©¤¥âáï â ª®¥ r ∈ {0, 1}, çâ®(s − 3r) ç¥â­®. �®£¤  s ¨¬¥¥â ¢¨¤ 3r + 2k, â® ¥áâì ï¢«ï¥âáï 1-à §«®�¨¬ë¬. �ç¥¢¨¤­® â ª�¥, çâ®ç¨á«® 2 ¡ã¤¥â 1-à §«®�¨¬ë¬,   1 | ­¥â. � ª¨¬ ®¡à §®¬, ¬ ªá¨¬ «ì­ë¬ 1-­¥à §«®�¨¬ë¬ ç¨á«®¬ï¢«ï¥âáï 1 = 32 − 23.�®ª �¥¬, çâ® ¤«ï «î¡®£® ­ âãà «ì­®£® n ç¨á«® 3n+1 − 2n+2 ¡ã¤¥â n-­¥à §«®�¨¬ë¬. �¤¥« ¥¬íâ® ¯® ¨­¤ãªæ¨¨. � §ã ¬ë ã�¥ ¯à®¢¥à¨«¨. Ǒãáâì ¤«ï n− 1 ãâ¢¥à�¤¥­¨¥ á¯à ¢¥¤«¨¢®. �®¯ãáâ¨¬,çâ® ç¨á«® s = 3n+1−2n+2 ®ª § «®áì n-à §«®�¨¬ë¬. �á«¨ ¢ áã¬¬ã s ¢å®¤¨âm ¬®­¥â ¯® 3n ¯¨ áâà®¢,â® m < 3 ¨ 3n+1 − m · 3n ç¥â­®, ®âªã¤  m = 1. Ǒ®íâ®¬ã ­ ©¤ãâáï ­¥®âà¨æ â¥«ì­ë¥ æ¥«ë¥ ç¨á« 
k1, . . . , kn, ¤«ï ª®â®àëå

s = 3n + k1 · 3n−1 · 2 + . . .+ kn · 2n.�® â®£¤  3n − 2n+1 = s− 3n2 = k1 · 3n−1 + k2 · 3n−2 · 2 + . . .+ kn · 2n−1,çâ® ­¥¢®§¬®�­®, ¯®áª®«ìªã ç¨á«® 3n − 2n+1 ­¥ ï¢«ï¥âáï (n− 1)-à §«®�¨¬ë¬.�®ª �¥¬ â¥¯¥àì, çâ® ¥á«¨ s > 3n+1 − 2n+2, â® ç¨á«® s ï¢«ï¥âáï n-à §«®�¨¬ë¬. �­®¢  ¢®á-¯®«ì§ã¥¬áï ¨­¤ãªæ¨¥© ¯® n. � §ã ¬ë ã�¥ ¯à®¢¥à¨«¨. Ǒà¥¤¯®«®�¨¬, çâ® ¤«ï n − 1 ãâ¢¥à�¤¥­¨¥á¯à ¢¥¤«¨¢®. �ë¡¥à¥¬ r ∈ {0, 1} â ª, çâ®¡ë s− r ·3n ¤¥«¨«®áì ­  2. Ǒ®«®�¨¬ N = s− r · 3n2 . �®£¤ 
N >

3n+1 − 2n+2 − r · 3n2 = (3− r) 3n − 2n+22 >
2 · 3n − 2 · 2n+12 = 3n − 2n+1,



¨ ¯® ¨­¤ãªæ¨®­­®¬ã ¯à¥¤¯®«®�¥­¨î N ¡ã¤¥â (n − 1)-à §«®�¨¬ë¬. �­ ç¨â, ­ ©¤ãâáï ­¥®âà¨æ -â¥«ì­ë¥ æ¥«ë¥ ç¨á«  k1, . . . , kn, ¤«ï ª®â®àëå
N = k1 · 3n−1 + k2 · 3n−2 · 2 + . . .+ kn · 2n−1, â® ¥áâì s = r · 3n + k1 · 3n−1 · 2 + . . .+ kn · 2n.� ª¨¬ ®¡à §®¬, ç¨á«® s ï¢«ï¥âáï n-à §«®�¨¬ë¬. �



� à¨ ­â 51. � âãà «ì­ë¥ ç¨á«  ®â 1 ¤® 2021 § ¯¨á ­ë ¢ àï¤ ¢ ­¥ª®â®à®¬ ¯®àï¤ª¥. �ª § «®áì, çâ® ã «î¡®£®ç¨á«  ¥£® «¥¢ë© ¨ ¥£® ¯à ¢ë© á®á¥¤ ¨¬¥îâ à §­ãî ç¥â­®áâì. � ª®¥ ç¨á«® ¬®�¥â ¡ëâì ­ ¯¥à¢®¬ ¬¥áâ¥?�â¢¥â: «î¡®¥ ­¥ç¥â­®¥ ç¨á«®.�¥è¥­¨¥. �®ª �¥¬ ¢­ ç «¥, çâ® ¢ «î¡®© ç¥â¢¥àª¥ ¨¤ãé¨å ¯®¤àï¤ ç¨á¥« ¥áâì ¤¢  ç¥â­ëå ¨ ¤¢ ­¥ç¥â­ëå ç¨á« . �¥©áâ¢¨â¥«ì­®, ¯ãáâì ¢ ­¥ª®â®à®© ç¥â¢¥àª¥ ¥áâì âà¨ ç¨á«  ®¤¨­ ª®¢®© ç¥â­®áâ¨.�®£¤  áà¥¤¨ ­¨å ­ ©¤ãâáï ¤¢  ç¨á« , ¨¤ãé¨å ç¥à¥§ ®¤­®. �® ç¨á«® ¬¥�¤ã ­¨¬¨ ¡ã¤¥â ¨¬¥âì á®á¥¤¥©®¤¨­ ª®¢®© ç¥â­®áâ¨, çâ® ­¥¢®§¬®�­®.� §®¡ì¥¬ ¤¨ ¯ §®­ á® ¢â®à®© ¯® 2021-î ¯®§¨æ¨î ­  ¡«®ª¨ ¯® 4 ç¨á« . Ǒ® ¤®ª § ­­®¬ã ¢ ª �¤®¬¡«®ª¥ ç¥â­ëå ¨ ­¥ç¥â­ëå ç¨á¥« ¯®à®¢­ã,   â®£¤  ¨ ¢® ¢á¥¬ ¤¨ ¯ §®­¥ â®�¥. �® ¢ ¯à®¬¥�ãâª¥[1, 2021℄ ­¥ç¥â­ëå ç¨á¥« ¡®«ìè¥, ç¥¬ ç¥â­ëå. �­ ç¨â, ¯¥à¢ë¬ ¡ã¤¥â ­¥ç¥â­®¥ ç¨á«®. Ǒ®ª �¥¬, çâ®«î¡®¥ ­¥ç¥â­®¥ ç¨á«® ¬®�¥â ­  ¯¥à¢®© ¯®§¨æ¨¨ ®ª § âìáï. � á¯®«®�¨¬ ¢á¥ ç¨á«  ¯® áå¥¬¥� ���� ���� . . . ����,£¤¥ � ®¡®§­ ç ¥â ç¥â­®¥ ç¨á«®,   � | ­¥ç¥â­®¥. � ª ï à ááâ ­®¢ª  ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨.Ǒà¨ íâ®¬ ­¥ç¥â­®¥ ç¨á«® ­  ¯¥à¢®© ¯®§¨æ¨¨ ¬®�¥â ¡ëâì ¯à®¨§¢®«ì­ë¬. �2. Ǒà¨ a, b, c > 0 ­ ©¤¨â¥ ¬ ªá¨¬ «ì­®¥ §­ ç¥­¨¥ ¢ëà �¥­¨ï
A = a3 + b3 + c3(a+ b+ c)3 − 26abc .�â¢¥â: 3.�¥è¥­¨¥. � ¬¥â¨¬, çâ® (a+ b+ c)3 = a3 + b3 + c3 + 6abc+B, £¤¥

B = 3 (a2b+ ab2 + b2c+ bc2 + c2a+ ca2) > 18 6√
a6b6c6 = 18abc(¬ë ¢®á¯®«ì§®¢ «¨áì ­¥à ¢¥­áâ¢®¬ �®è¨). �®£¤ 

a3 + b3 + c3 6 (a+ b+ c)3 − 24abc.Ǒ®«®�¨¬ t = (a+ b+ c)3
abc

. Ǒ® ­¥à ¢¥­áâ¢ã �®è¨ t > 27, ®âªã¤ 
A 6

(a+ b+ c)3 − 24abc(a+ b+ c)3 − 26abc = t− 24
t− 26 = 1 + 2

t− 26 6 3.� ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ a = b = c. �3. �ªàã�­®áâ¨ ω1 ¨ ω2 ¯¥à¥á¥ª îâáï ¢ â®çª å A ¨ B,   ®ªàã�­®áâì á æ¥­âà®¬ ¢ â®çª¥ O®å¢ âë¢ ¥â ®ªàã�­®áâ¨ ω1 ¨ ω2, ª á ïáì ¨å ¢ â®çª å C ¨ D á®®â¢¥âáâ¢¥­­®. �ª § «®áì,çâ® â®çª¨ A, C ¨ D «¥� â ­  ®¤­®© ¯àï¬®©. � ©¤¨â¥ ã£®« ABO.�â¢¥â: 90◦.
O

C

D
A

B

O1 O2

ω1
ω2



�¥è¥­¨¥. �¡®§­ ç¨¬ ç¥à¥§ O1 ¨ O2 æ¥­âàë ®ªàã�­®áâ¥© ω1 ¨ ω2. �à¥ã£®«ì­¨ª¨ COD, CO1A,
AO2D à ¢­®¡¥¤à¥­­ë¥. Ǒ®áª®«ìªã â®çª¨ C,A,D «¥� â ­  ®¤­®© ¯àï¬®©, ¬ë ¯®«ãç ¥¬

∠O1AC = ∠O1CA = ∠OCD = ∠ODC.Ǒ®íâ®¬ã O1A ‖ OO2 ¨,  ­ «®£¨ç­®, O2A ‖ OO1. �­ ç¨â, OO1AO2 | ¯ à ««¥«®£à ¬¬, ®âªã¤ 
O1A = O2O ¨ ∠AO1O2 = ∠O1O2O.� ª ª ª âà¥ã£®«ì­¨ª¨ AO1B ¨ AO2B à ¢­®¡¥¤à¥­­ë¥, ®âà¥§®ª O1O2 ï¢«ï¥âáï á¥à¥¤¨­­ë¬ ¯¥à¯¥­-¤¨ªã«ïà®¬ ª AB. �®£¤ 

O1B = O1A = O2O ¨ ∠BO1O2 = ∠AO1O2 = ∠O1O2O.Ǒ®íâ®¬ã O1O2OB | à ¢­®¡¥¤à¥­­ ï âà ¯¥æ¨ï, ®âªã¤  BO ‖ O1O2 ¨, §­ ç¨â, BO ⊥ AB. �4. Ǒ¥âï ­ ¯¨á « ­  ¤®áª¥ ¯®¤àï¤ n ¤¢ã§­ ç­ëå ¢®áì¬¥à¨ç­ëå ç¨á¥« (n > 2), ®¡à §ãîé¨å  à¨ä-¬¥â¨ç¥áªãî ¯à®£à¥áá¨î á à §­®áâìî −8. � áï ¯®¤ã¬ «, çâ® íâ® ¢®áì¬¥à¨ç­ ï § ¯¨áì ­ âã-à «ì­®£® ç¨á«  x, ¨ à §«®�¨« x ­  ¯à®áâë¥ ¬­®�¨â¥«¨. �ª § «®áì, çâ® ¨å ¢á¥£® ¤¢ , ¨ ®­¨à §«¨ç îâáï ­  6. �â® ­ ¯¨á ­® ­  ¤®áª¥?�â¢¥â: 7767.�¥è¥­¨¥. Ǒãáâì y, z | ¯à®áâë¥ ¤¥«¨â¥«¨ x, z = y +6. � ¬¥â¨¬, çâ® ç¨á«® x+9 à ¢­® (
y+z2 )2,â® ¥áâì ®­® ï¢«ï¥âáï â®ç­ë¬ ª¢ ¤à â®¬. � ¯¨è¥¬ ¤®¯ãáâ¨¬ë¥ ¯ àë (y, z) ¢ ¢®áì¬¥à¨ç­®© ä®à¬¥:

(
. . . a1, . . . a7 ), (

. . . a3, . . . (a+ 1)1 ), (
. . . a5, . . . (a+ 1)3 ), (

. . . a7, . . . (a+ 1)5 ). (∗)� ¯¥à¢®¬ á«ãç ¥ ¢®áì¬¥à¨ç­ ï § ¯¨áì x ®ª ­ç¨¢ ¥âáï ­  07, çâ® ­¥¢®§¬®�­®, ¯®áª®«ìªã ç¨á«  ¢¯à®£à¥áá¨¨ ¤¢ã§­ ç­ë¥. �«ï âà¥âì¥© ¯ àë ¯®á«¥¤­¥© ¢®áì¬¥à¨ç­®© æ¨äà®© x ¡ã¤¥â 7,   ¯à¥¤¯®-á«¥¤­¥© | (8a+ 5 + 1)mod 8 = 6. �®£¤  á ãç¥â®¬ ãá«®¢¨ï n > 2 ¬ë ¯®«ãç ¥¬ x = 77678. �â® ­ ¬¯®¤å®¤¨â, â ª ª ª
x+ 9 = 77678 + 9 = 4096 = 642 ¨ x = 61 · 67.� áá¬®âà¨¬ â¥¯¥àì ¢â®àãî ¨ ç¥â¢¥àâãî ¯ àë ¢ (∗). Ǒ®á«¥¤­¥© ¢®áì¬¥à¨ç­®© æ¨äà®© x ¡ã¤¥â 3,  ¯à¥¤¯®á«¥¤­¥© | (4a + 3)mod 8, â ª ª ª (7(a + 1) + 5a + 4)mod 8 = (4a + 3)mod 8. �¥ç¥â­ë¥

a ­¥ ¯®¤å®¤ïâ ¯® ãá«®¢¨î n > 2, â ª ª ª ç¨á«® 738 + 8 ã�¥ âà¥å§­ ç­®¥. Ǒ®íâ®¬ã ¢®áì¬¥à¨ç­ ï§ ¯¨áì x ®ª ­ç¨¢ ¥âáï ­  33. �­ ç¨â, x ¬®�¥â ¡ëâì ®¤­¨¬ ¨§ ç¨á¥«43338, 5343338, 635343338, 73635343338.�â®à®¥ ¨ âà¥âì¥ ­¥ ¯®¤å®¤ïâ, ¯®áª®«ìªã ®­¨ ¤¥«ïâáï ­  3 (áã¬¬ë æ¨äà ­  ç¥â­ëå ¨ ­¥ç¥â­ëå¯®§¨æ¨ïå à §«¨ç îâáï ­  3 ¨ 6 á®®â¢¥âáâ¢¥­­®). �à®¬¥ â®£®,(43338 + 9)mod 3 = (6− 7 + 9)mod 3 = 2 ¨ (73635343338+ 9)mod 3 = (15− 25 + 9)mod 3 = 2.Ǒ®íâ®¬ã ç¨á«  43338 + 9 ¨ 73635343338 + 9 ­¥ ï¢«ïîâáï â®ç­ë¬¨ ª¢ ¤à â ¬¨, çâ® ­¥¢®§¬®�­®.� ª¨¬ ®¡à §®¬, x = 77678 | ¥¤¨­áâ¢¥­­ë© ®â¢¥â. �5. � áâà ­¥ �¨¬®­¨¨ ¢ ®¡à é¥­¨¨ ¨á¯®«ì§ãîâáï ¬®­¥âë ¤®áâ®¨­áâ¢®¬ 3n− 1, 6n+ 1, 6n+ 4 ¨6n+ 7 ¯¨ áâà®¢, £¤¥ n | ­ âãà «ì­®¥ ç¨á«®. �¨â¥«ì áâà ­ë § è¥« ¢ ¡ ­ª, ­¥ ¨¬¥ï ¯à¨ á¥¡¥­ «¨ç­ëå ¤¥­¥£. � ªãî ­ ¨¡®«ìèãî áã¬¬ã ¥¬ã ­¥ á¬®£ãâ ¢ë¤ âì ¢ ¡ ­ª¥?�â¢¥â: 6n2 + 4n− 5.�¥è¥­¨¥. � §®¢¥¬ ­ âãà «ì­®¥ ç¨á«® s à §«®�¨¬ë¬, ¥á«¨ áã¬¬ã s ¡ ­ª ¬®�¥â ¢ë¯« â¨âì¬®­¥â ¬¨ ¤®áâ®¨­áâ¢®¬ â®«ìª® 6n + 1, 6n + 4 ¨ 6n + 7 ¯¨ áâà®¢. �«ï «î¡®£® r = 1, . . . , 3n − 2



®¡®§­ ç¨¬ ç¥à¥§ mr ­ ¨¬¥­ìè¥¥ à §«®�¨¬®¥ ç¨á«®, ¤ îé¥¥ ¯à¨ ¤¥«¥­¨¨ ­  3n − 1 ®áâ â®ª r.�®ª �¥¬ ¤¢  ãâ¢¥à�¤¥­¨ï.1) �á«¨ r ∈ {1, . . . , 3n−2}, smod (3n−1) = r, â® ¯à¨ s > mr áã¬¬ã s ¡ ­ª ¢ë¯« â¨âì á¬®�¥â,  ¯à¨ s < mr | ­¥ á¬®�¥â. Ǒ¥à¢®¥ ãâ¢¥à�¤¥­¨¥ ®ç¥¢¨¤­®: ­ ¤® ¢­ ç «¥ ¢ë¯« â¨âì áã¬¬ã mr,  § â¥¬ ¤®¡ ¢¨âì ­¥ª®â®à®¥ ª®«¨ç¥áâ¢® ¬®­¥â ¯® 3n− 1 ¯¨ áâà®¢. Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® s < mr¨ áã¬¬ã s ¢ë¯« â¨âì ¬®�­®. Ǒà¨ íâ®¬ ¯à¨¤¥âáï ¨á¯®«ì§®¢ âì ­¥áª®«ìª® ¬®­¥â ¯® 3n−1 ¯¨ áâà®¢.�¡à ¢ ¢á¥ íâ¨ ¬®­¥âë, ¬ë ¯®«ãç¨¬ à §«®�¨¬ãî áã¬¬ã, ¬¥­ìèãî mr ¨ â®�¥ ¤ îéãî ®áâ â®ª r¯à¨ ¤¥«¥­¨¨ ­  3n− 1. �â® ¯à®â¨¢®à¥ç¨â ¬¨­¨¬ «ì­®áâ¨ mr.2) �¨á«  3kmod (3n−1) ¯à®¡¥£ îâ §­ ç¥­¨ï {1, . . . , 3n−2} ¯à¨ k = 1, . . . , 3n−2. �¥©áâ¢¨â¥«ì­®,­ ¬ ¤®áâ â®ç­® ¯®ª § âì, çâ® ¢á¥ ®­¨ à §«¨ç­ë. �á«¨ (3k − 3k′) ... (3n− 1), â® (k − k′) ... (3n− 1).� ª ª ª |k − k′| 6 3n− 2, ¬ë ¯®«ãç ¥¬ k = k′.�ç¥¢¨¤­®, çâ® áã¬¬ë, ªà â­ë¥ 3n− 1, ¢ë¯« â¨âì ¬®�­®. �®£¤  ¢ á¨«ã 1) ®â¢¥â®¬ § ¤ ç¨ ¡ã¤¥âmax{m1, . . . ,m3n−2}−(3n−1). � ©¤¥¬ ­ ¨¡®«ìè¥¥ ¨§ ç¨á¥«mr. Ǒãáâì r ∈ {1, . . . , 3n−2}. � ¬¥â¨¬,çâ® 6n+ 1 = 2 (3n− 1) + 3, 6n+ 4 = 2 (3n− 1) + 6 ¨ 6n+ 7 = 2 (3n− 1) + 9.� á¨«ã 2) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ ç¨á«® k ∈ {1, . . . , 3n − 2}, ¤«ï ª®â®à®£® 3kmod (3n − 1) = r.Ǒ®áª®«ìªã ®áâ âª¨ ¬®­¥â ¯® ¬®¤ã«î 3n − 1 ¯à¨­¨¬ îâ §­ ç¥­¨ï 3, 6 ¨ 9, ­ ¬ ­ ¤® ¯à¥¤áâ ¢¨âì3k ¢ ¢¨¤¥ áã¬¬ë ¬¨­¨¬ «ì­®£® ª®«¨ç¥áâ¢  íâ¨å ç¨á¥«. �­  à¥ «¨§ã¥âáï â ª: áª« ¤ë¢ ¥¬ ¤¥¢ïâª¨,¯®ª  ­¥ ¯®«ãç¨âáï á ¬®¥ ¡®«ìè®¥ ç¨á«®, ­¥ ¯à¥¢®áå®¤ïé¥¥ 3k,   § â¥¬ ¯à¨ ­¥®¡å®¤¨¬®áâ¨ ¤®¡ ¢«ï¥¬3 ¨«¨ 6. � íâ®© áã¬¬¥ ¡ã¤¥â [
k+23 ] á« £ ¥¬ëå. �®£¤ 

mr = 3k + [
k+23 ]

· 2 (3n− 1) 6 3 (3n− 2) + 2n (3n− 1) = 6n2 + 7n− 6,¯à¨ç¥¬ à ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ k = 3n− 2. �­ ç¨â, ®â¢¥â®¬ ¢ § ¤ ç¥ ¡ã¤¥â(6n2 + 7n− 6)− (3n− 1) = 6n2 + 4n− 5. �



� à¨ ­â 61. � âãà «ì­ë¥ ç¨á«  ®â 1 ¤® 2023 § ¯¨á ­ë ¢ àï¤ ¢ ­¥ª®â®à®¬ ¯®àï¤ª¥. �ª § «®áì, çâ® «î¡ë¥âà¨ ç¨á« , à á¯®«®�¥­­ë¥ ç¥à¥§ ®¤­®, ¤ îâ à §­ë¥ ®áâ âª¨ ®â ¤¥«¥­¨ï ­  3. � ª®¥ ç¨á«®¬®�¥â ¡ëâì ­  ¯¥à¢®¬ ¬¥áâ¥?�â¢¥â: «î¡®¥ ç¨á«®, ¤ îé¥¥ ®áâ â®ª 1 ®â ¤¥«¥­¨ï ­  3.�¥è¥­¨¥. � §®¡ì¥¬ ¤¨ ¯ §®­ ®â 1 ¤® 2023 ­  £àã¯¯ë ç¨á¥«, ¤ îé¨å ¯à¨ ¤¥«¥­¨¨ ­  3 ®áâ âª¨0, 1 ¨ 2. Ǒ¥à¢ ï ¨ âà¥âìï £àã¯¯  á®¤¥à�¨â ¯® 674 ç¨á¥«,   ¢â®à ï | 675 ç¨á¥«. � «î¡®© è¥áâ¥àª¥¨¤ãé¨å ¯®¤àï¤ ç¨á¥« ¥áâì à®¢­® ¯® ¤¢  ç¨á«  ¨§ ª �¤®© £àã¯¯ë, ¯®áª®«ìªã ­  ¯®§¨æ¨ïå 1, 3, 5,  â ª�¥ ­  ¯®§¨æ¨ïå 2, 4, 6 ­ å®¤ïâáï ç¨á«  ¨§ à §­ëå £àã¯¯. � §®¡ì¥¬ ¤¨ ¯ §®­ á® ¢â®à®© ¯® 2023-î¯®§¨æ¨î ­  ¡«®ª¨ ¯® 6 ç¨á¥«. � �¤ë© ¡«®ª á®¤¥à�¨â ®¤¨­ ª®¢®¥ ª®«¨ç¥áâ¢® ç¨á¥« ¨§ ª �¤®©£àã¯¯ë,   â®£¤  ¨ ¢¥áì ¤¨ ¯ §®­ â®�¥. �áâ ¢è¥¥áï ç¨á«® ¤ ¥â ¯à¨ ¤¥«¥­¨¨ ­  3 ®áâ â®ª 1, ¨ â®«ìª®®­® ¬®�¥â ¡ëâì ¯¥à¢ë¬.Ǒ®ª �¥¬, çâ® «î¡®¥ ç¨á«® ¨§ ¢â®à®© £àã¯¯ë ¬®�¥â ®ª § âìáï ­  ¯¥à¢®© ¯®§¨æ¨¨. �®¯ãáâ¨-¬®áâì ª®­ä¨£ãà æ¨¨ ç¨á¥« § ¢¨á¨â ­¥ ®â á ¬¨å ç¨á¥«,   â®«ìª® ®â ¨å ®áâ âª®¢ ¯à¨ ¤¥«¥­¨¨ ­  3.� á¯®«®�¨¬ íâ¨ ®áâ âª¨ ¯® áå¥¬¥ 1 220011 220011 . . . 220011 .�­  ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨. �­ ç¨â, ¯¥à¢ë¬ ¬®�¥â ®ª § âìáï «î¡®¥ ç¨á«®, ¤ îé¥¥ ¯à¨¤¥«¥­¨¨ ­  3 ®áâ â®ª 1. �2. Ǒà¨ a, b, c > 0 ­ ©¤¨â¥ ¬ ªá¨¬ «ì­®¥ §­ ç¥­¨¥ ¢ëà �¥­¨ï
A = a4 + b4 + c4(a+ b+ c)4 − 80 (abc)4/3 .�â¢¥â: 3.�¥è¥­¨¥. � ¬¥â¨¬, çâ® (a+ b+ c)4 = a4 + b4 + c4 +B, £¤¥

B = 4 (a3b+ ab3 + b3c+ bc3 + c3a+ ca3)+ 6 (a2b2 + b2c2 + c2a2)+ 12 (abc2 + bca2 + cab2) >
> 24 6√(abc)8 + 18 3√(abc)4 + 36 3√(abc)4 = 78 (abc)4/3(¬ë ¢®á¯®«ì§®¢ «¨áì ­¥à ¢¥­áâ¢®¬ �®è¨). �®£¤ 

a4 + b4 + c4 6 (a+ b+ c)4 − 78 (abc)4/3.Ǒ®«®�¨¬ t = (a+ b+ c)4(abc)4/3 . Ǒ® ­¥à ¢¥­áâ¢ã �®è¨ t > 81, ®âªã¤ 
A 6

(a+ b+ c)4 − 78 (abc)4/3(a+ b+ c)4 − 80 (abc)4/3 = t− 78
t− 80 = 1 + 2

t− 80 6 3.� ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ a = b = c. �3. �ªàã�­®áâì ω1 á æ¥­âà®¬ O ¯¥à¥á¥ª ¥âáï ¢ â®çª å K ¨ L 
 ®ªàã�­®áâìî ω2, ¯à®å®¤ïé¥©ç¥à¥§ â®çªã O. �¥à¥§ â®çªã O ¯à®¢¥¤¥­  ¯àï¬ ï, ¢â®à¨ç­® ¯¥à¥á¥ª îé ï ®ªàã�­®áâì ω2 ¢â®çª¥ A. �âà¥§®ª OA ¯¥à¥á¥ª ¥â ®ªàã�­®áâì ω1 ¢ â®çª¥ B. � ©¤¨â¥ ®â­®è¥­¨¥ à ááâ®ï­¨©®â â®çª¨ B ¤® ¯àï¬ëå AL ¨ KL.�â¢¥â: 1 : 1.



O

K

L

A

B

ω1 ω2

�¥è¥­¨¥. � ¬¥â¨¬, çâ® ∠OAK = ∠OAL ª ª ã£«ë, ®¯¨à îé¨¥áï ­  à ¢­ë¥ å®à¤ë OK ¨ OL.�­ ç¨â, AB | ¡¨áá¥ªâà¨á  ã£«  LAK. �à®¬¥ â®£®, ∠AKL = ∠AOL ª ª ã£«ë, ®¯¨à îé¨¥áï ­ ¤ã£ã AL. �®£¤ 
∠BKL = 12 ∠BOL = 12 ∠AKL.Ǒ®íâ®¬ã KB | ¡¨áá¥ªâà¨á  ã£«  AKL. � ª¨¬ ®¡à §®¬, â®çª  B | æ¥­âà ¢¯¨á ­­®© ®ªàã�­®áâ¨âà¥ã£®«ì­¨ª  AKL. �­ ç¨â, ®­  à ¢­®ã¤ «¥­  ®â ¯àï¬ëå AL ¨ KL. �4. Ǒ¥âï ­ ¯¨á « ­  ¤®áª¥ ¯®¤àï¤ n ¤¢ã§­ ç­ëå ¢®áì¬¥à¨ç­ëå ç¨á¥« (n > 2), ®¡à §ãîé¨å  à¨ä¬¥-â¨ç¥áªãî ¯à®£à¥áá¨î á à §­®áâìî 8, ¯à¨ç¥¬ ¯¥à¢®¥ ç¨á«® ­¥ á®¤¥à�¨â æ¨äàã 2. � áï ¯®¤ã¬ «,çâ® íâ® ¢®áì¬¥à¨ç­ ï § ¯¨áì ­ âãà «ì­®£® ç¨á«  x, ¨ à §«®�¨« x ­  ¯à®áâë¥ ¬­®�¨â¥«¨.�ª § «®áì, çâ® ¨å ¢á¥£® ¤¢ , ¨ ®­¨ à §«¨ç îâáï ­  2. �â® ­ ¯¨á ­® ­  ¤®áª¥?�â¢¥â: 3343.�¥è¥­¨¥. Ǒãáâì y, z | ¯à®áâë¥ ¤¥«¨â¥«¨ x, z = y +2. � ¬¥â¨¬, çâ® ç¨á«® x+1 à ¢­® (

y+z2 )2,â® ¥áâì ®­® ï¢«ï¥âáï â®ç­ë¬ ª¢ ¤à â®¬. � ¯¨è¥¬ ¢®§¬®�­ë¥ ¯ àë (y, z) ¢ ¢®áì¬¥à¨ç­®© ä®à¬¥:
(
. . . a1, . . . a3 ), (

. . . a3, . . . a5 ), (
. . . a5, . . . a7 ), (

. . . a7, . . . (a+ 1)1 ). (∗)�«ï ¯¥à¢®© ¨ âà¥âì¥© ¯ à ¯®á«¥¤­¥© ¢®áì¬¥à¨ç­®© æ¨äà®© x ¡ã¤¥â 3,   ¯à¥¤¯®á«¥¤­¥© | 4amod 8¨«¨ (12a + 4)mod 8. �â  æ¨äà  ­¥­ã«¥¢ ï, â ª ª ª ç¨á«  ¢ ¯à®£à¥áá¨¨ ¤¢ã§­ ç­ë¥. Ǒ®íâ®¬ã ¢®¡®¨å á«ãç ïå ®­  à ¢­  4,   ¢®áì¬¥à¨ç­ ï § ¯¨áì x ®ª ­ç¨¢ ¥âáï ­  43. � ãç¥â®¬ ãá«®¢¨ï x¬®�¥â ¯à¨­¨¬ âì §­ ç¥­¨ï 33438 ¨«¨ 132333438. Ǒ¥à¢®¥ ç¨á«® ­ ¬ ¯®¤å®¤¨â, ¯®áª®«ìªã
x+ 1 = 33438 + 1 = 1764 = 422 ¨ x = 41 · 43.Ǒãáâì x = 132333438. �®£¤ (x+ 1)mod 3 = (12− 10 + 1)mod 3 = 0 ¨ (x + 1)mod 9 = (12− 10 + 1)mod 9 = 3.�­ ç¨â, ç¨á«® x+ 1 ¤¥«¨âáï ­  3 ¨ ­¥ ¤¥«¨âáï ­  9,   ¯®â®¬ã ®­® ­¥ ï¢«ï¥âáï â®ç­ë¬ ª¢ ¤à â®¬.� áá¬®âà¨¬ â¥¯¥àì ¢â®àãî ¨ ç¥â¢¥àâãî ¯ àë ¢ (∗). Ǒ®á«¥¤­¥© ¢®áì¬¥à¨ç­®© æ¨äà®© x ¡ã¤¥â 7,  ¯à¥¤¯®á«¥¤­¥© | 1 ¨«¨ 7. Ǒ¥à¢®£® á«ãç ï ­¥ ¬®�¥â ¡ëâì ¯à¨ n > 2, ¯®áª®«ìªã ç¨á«® 178 − 8 ­¥ï¢«ï¥âáï ¤¢ã§­ ç­ë¬. �­ ç¨â, á ãç¥â®¬ ãá«®¢¨ï ¢®§¬®�­ë á«¥¤ãîé¨¥ §­ ç¥­¨ï x:67778, 5767778, 475767778, 37475767778, 172737475767778.� ¬¥â¨¬, çâ® x + 1 = . . . 70008 = . . . 78 · 29. �®£¤  ç¨á«® x + 1 ¤¥«¨âáï ­  29 ¨ ­¥ ¤¥«¨âáï ­  210,  ¯®â®¬ã ®­® ­¥ ï¢«ï¥âáï â®ç­ë¬ ª¢ ¤à â®¬. � ª¨¬ ®¡à §®¬, x = 33438 | ¥¤¨­áâ¢¥­­ë© ®â¢¥â. �5. � áâà ­¥ �¨¬®­¨¨ ¢ ®¡à é¥­¨¨ ¨á¯®«ì§ãîâáï ¬®­¥âë ¤®áâ®¨­áâ¢®¬ 3n− 2, 6n− 1, 6n+ 2 ¨6n+ 5 ¯¨ áâà®¢, £¤¥ n | ­ âãà «ì­®¥ ç¨á«®. �¨â¥«ì áâà ­ë § è¥« ¢ ¡ ­ª, ­¥ ¨¬¥ï ¯à¨ á¥¡¥­ «¨ç­ëå ¤¥­¥£. � ªãî ­ ¨¡®«ìèãî áã¬¬ã ¥¬ã ­¥ á¬®£ãâ ¢ë¤ âì ¢ ¡ ­ª¥?



�â¢¥â: 6n2 − 4n− 3.�¥è¥­¨¥. � §®¢¥¬ ­ âãà «ì­®¥ ç¨á«® s à §«®�¨¬ë¬, ¥á«¨ áã¬¬ã s ¡ ­ª ¬®�¥â ¢ë¯« â¨âì¬®­¥â ¬¨ ¤®áâ®¨­áâ¢®¬ â®«ìª® 6n − 1, 6n + 2 ¨ 6n + 5 ¯¨ áâà®¢. �«ï «î¡®£® r = 1, . . . , 3n − 3®¡®§­ ç¨¬ ç¥à¥§ mr ­ ¨¬¥­ìè¥¥ à §«®�¨¬®¥ ç¨á«®, ¤ îé¥¥ ¯à¨ ¤¥«¥­¨¨ ­  3n − 2 ®áâ â®ª r.�®ª �¥¬ ¤¢  ãâ¢¥à�¤¥­¨ï.1) �á«¨ r ∈ {1, . . . , 3n−3}, smod (3n−2) = r, â® ¯à¨ s > mr áã¬¬ã s ¡ ­ª ¢ë¯« â¨âì á¬®�¥â,  ¯à¨ s < mr | ­¥ á¬®�¥â. Ǒ¥à¢®¥ ãâ¢¥à�¤¥­¨¥ ®ç¥¢¨¤­®: ­ ¤® ¢­ ç «¥ ¢ë¯« â¨âì áã¬¬ã mr,  § â¥¬ ¤®¡ ¢¨âì ­¥ª®â®à®¥ ª®«¨ç¥áâ¢® ¬®­¥â ¯® 3n− 2 ¯¨ áâà®¢. Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® s < mr¨ áã¬¬ã s ¢ë¯« â¨âì ¬®�­®. Ǒà¨ íâ®¬ ¯à¨¤¥âáï ¨á¯®«ì§®¢ âì ­¥áª®«ìª® ¬®­¥â ¯® 3n−2 ¯¨ áâà®¢.�¡à ¢ ¢á¥ íâ¨ ¬®­¥âë, ¬ë ¯®«ãç¨¬ à §«®�¨¬ãî áã¬¬ã, ¬¥­ìèãî mr ¨ â®�¥ ¤ îéãî ®áâ â®ª r¯à¨ ¤¥«¥­¨¨ ­  3n− 2. �â® ¯à®â¨¢®à¥ç¨â ¬¨­¨¬ «ì­®áâ¨ mr.2) �¨á«  3kmod (3n−2) ¯à®¡¥£ îâ §­ ç¥­¨ï {1, . . . , 3n−3} ¯à¨ k = 1, . . . , 3n−3. �¥©áâ¢¨â¥«ì­®,­ ¬ ¤®áâ â®ç­® ¯®ª § âì, çâ® ¢á¥ ®­¨ à §«¨ç­ë. �á«¨ (3k − 3k′) ... (3n− 2), â® (k − k′) ... (3n− 2).� ª ª ª |k − k′| 6 3n− 3, ¬ë ¯®«ãç ¥¬ k = k′.�ç¥¢¨¤­®, çâ® áã¬¬ë, ªà â­ë¥ 3n− 2, ¢ë¯« â¨âì ¬®�­®. �®£¤  ¢ á¨«ã 1) ®â¢¥â®¬ § ¤ ç¨ ¡ã¤¥âmax{m1, . . . ,m3n−3}−(3n−2). � ©¤¥¬ ­ ¨¡®«ìè¥¥ ¨§ ç¨á¥«mr. Ǒãáâì r ∈ {1, . . . , 3n−3}. � ¬¥â¨¬,çâ® 6n− 1 = 2 (3n− 2) + 3, 6n+ 2 = 2 (3n− 2) + 6 ¨ 6n+ 5 = 2 (3n− 2) + 9.� á¨«ã 2) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ ç¨á«® k ∈ {1, . . . , 3n − 3}, ¤«ï ª®â®à®£® 3kmod (3n − 2) = r.Ǒ®áª®«ìªã ®áâ âª¨ ¬®­¥â ¯® ¬®¤ã«î 3n − 2 ¯à¨­¨¬ îâ §­ ç¥­¨ï 3, 6 ¨ 9, ­ ¬ ­ ¤® ¯à¥¤áâ ¢¨âì3k ¢ ¢¨¤¥ áã¬¬ë ¬¨­¨¬ «ì­®£® ª®«¨ç¥áâ¢  íâ¨å ç¨á¥«. �­  à¥ «¨§ã¥âáï â ª: áª« ¤ë¢ ¥¬ ¤¥¢ïâª¨,¯®ª  ­¥ ¯®«ãç¨âáï á ¬®¥ ¡®«ìè®¥ ç¨á«®, ­¥ ¯à¥¢®áå®¤ïé¥¥ 3k,   § â¥¬ ¯à¨ ­¥®¡å®¤¨¬®áâ¨ ¤®¡ ¢«ï¥¬3 ¨«¨ 6. � íâ®© áã¬¬¥ ¡ã¤¥â [
k+23 ] á« £ ¥¬ëå. �®£¤ 

mr = 3k + [
k+23 ]

· 2 (3n− 2) 6 3 (3n− 3) + 2 (n− 1)(3n− 2) = 6n2 − n− 5,¯à¨ç¥¬ à ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ k = 3n− 3. �­ ç¨â, ®â¢¥â®¬ ¢ § ¤ ç¥ ¡ã¤¥â(6n2 − n− 5)− (3n− 2) = 6n2 − 4n− 3. �



� à¨ ­â 71. �®�­® «¨ ¢ â ¡«¨æ¥ 35× 35 à ááâ ¢¨âì à §«¨ç­ë¥ æ¥«ë¥ ç¨á«  â ª, çâ®¡ë §­ ç¥­¨ï ¢ ª«¥â-ª å, ¨¬¥îé¨å ®¡éãî áâ®à®­ã, ®â«¨ç «¨áì ­¥ ¡®«¥¥ ç¥¬ ­  18?�â¢¥â: ­¥â.�¥è¥­¨¥. Ǒãáâì m | ­ ¨¬¥­ìè¥¥ ç¨á«® ¢ â ¡«¨æ¥. Ǒ¥à¥¬¥é ïáì ª �¤ë© à § ­  ®¤­ã ª«¥âªã¢ £®à¨§®­â «ì­®¬ ¨«¨ ¢¥àâ¨ª «ì­®¬ ­ ¯à ¢«¥­¨¨, ¬ë á¬®�¥¬ ¯®¯ áâì ¢ «î¡ãî ª«¥âªã â ¡«¨æë § ­¥ ¡®«¥¥ ç¥¬ 34 · 2 = 68 è £®¢. Ǒ® ãá«®¢¨î ­  ª �¤®¬ è £¥ §­ ç¥­¨¥ ¢ ª«¥âª¥ ¬®�¥â ã¢¥«¨ç¨âìáï­¥ ¡®«¥¥ ç¥¬ ­  18. Ǒ®íâ®¬ã ¢á¥ ç¨á«  â ¡«¨æë «¥� â ¢ ¯à®¬¥�ãâª¥ [m,m+68 ·18℄. �â®â ¤¨ ¯ §®­á®¤¥à�¨â 68 · 18 + 1 = 1225 ç¨á¥«, â® ¥áâì à®¢­® áâ®«ìª®, áª®«ìª® ª«¥â®ª ¢ â ¡«¨æ¥. �­ ç¨â,â ¡«¨æ  § ¯®«­¥­  ¢ ­¥ª®â®à®¬ ¯®àï¤ª¥ ç¨á« ¬¨ ®â m ¤® m + 68 · 18. � ¬¥â¨¬, çâ® ¬¨­¨¬ «ì­®¥¨ ¬ ªá¨¬ «ì­®¥ ç¨á«  à á¯®« £ îâáï ¢ ¯à®â¨¢®¯®«®�­ëå ã£« å â ¡«¨æë. Ǒà¨ ¯¥à¥¬¥é¥­¨¨ ®â¬¨­¨¬ «ì­®£® ç¨á«  ª ¬ ªá¨¬ «ì­®¬ã ¯® ¬ àèàãâã, á®áâ®ïé¥¬ã ¨§ 68 è £®¢, ­ ¬ ­ã�­® ª �¤ë©à § ã¢¥«¨ç¨¢ âì §­ ç¥­¨¥ à®¢­® ­  18. �® â ª¨å ¬ àèàãâ®¢ ¬­®£®. � ¯à¨¬¥à, ¬ë ¬®�¥¬ ¯à®©â¨®â m ª m + 68 · 18 ç¥à¥§ «î¡ãî ¨§ ¤¢ãå ª«¥â®ª, £à ­¨ç é¨å á m. �­ ç¨â, ¢ íâ¨å ª«¥âª å áâ®ïâ®¤¨­ ª®¢ë¥ ç¨á« . �2. Ǒà¨ a, b, c > 0 ­ ©¤¨â¥ ¬ ªá¨¬ «ì­®¥ §­ ç¥­¨¥ ¢ëà �¥­¨ï
A = a2(b+ c) + b2(c+ a) + c2(a+ b)

a3 + b3 + c3 − 2abc .�â¢¥â: 6.�¥è¥­¨¥. Ǒ® ­¥à ¢¥­áâ¢ã �®è¨
a2(b+ c) + b2(c+ a) + c2(a+ b) = 13 ((a+ b+ c)3 − (a3 + b3 + c3 + 6abc)) 6 13 ((a+ b+ c)3 − 9abc).� ¬¥â¨¬, çâ®

a3 + b3 + c3 − 2abc > 19 (a+ b+ c)3 − 2abc = 19 ((a+ b+ c)3 − 18abc).Ǒ®«®�¨¬ t = (a+ b+ c)3
abc

. Ǒ® ­¥à ¢¥­áâ¢ã �®è¨ t > 27, ®âªã¤ 
A 6

3 ((a+ b+ c)3 − 9abc)(a+ b+ c)3 − 18abc = 3 (t− 9)
t− 18 = 3(1 + 9

t− 18) 6 6.� ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ a = b = c. �3. �ªàã�­®áâ¨ ω1 ¨ ω2 á æ¥­âà ¬¨ O1 ¨ O2 á®®â¢¥âáâ¢¥­­® ¯¥à¥á¥ª îâáï ¢ â®çª¥ A. �âà¥-§®ª O2A ¢â®à¨ç­® ¯¥à¥á¥ª ¥â ®ªàã�­®áâì ω1 ¢ â®çª¥ K,   ®âà¥§®ª O1A ¢â®à¨ç­® ¯¥à¥á¥ª ¥â®ªàã�­®áâì ω2 ¢ â®çª¥ L. Ǒàï¬ ï, ¯à®å®¤ïé ï ç¥à¥§ â®çªã A ¯ à ««¥«ì­® KL, ¢â®à¨ç­®¯¥à¥á¥ª ¥â ®ªàã�­®áâ¨ ω1 ¨ ω2 ¢ â®çª å C ¨ D á®®â¢¥âáâ¢¥­­®. �âà¥§ª¨ CK ¨ DL ¯¥à¥á¥-ª îâáï ¢ â®çª¥ N . � ©¤¨â¥ ã£®« ¬¥�¤ã ¯àï¬ë¬¨ O1A ¨ O2N .�â¢¥â: 90◦.
O1 O2

A

L
KC

D

N

ω1 ω2

α



�¥è¥­¨¥. �à¥ã£®«ì­¨ª¨ O1AK ¨ O2AL à ¢­®¡¥¤à¥­­ë¥ ¨ ¨¬¥îâ ®¡é¨© ã£®« ¯à¨ ®á­®¢ ­¨¨.�­ ç¨â, ¨å ã£«ë ¯à¨ ¢¥àè¨­¥ à ¢­ë. �¡®§­ ç¨¬ ®¡é¥¥ §­ ç¥­¨¥ íâ¨å ã£«®¢ ç¥à¥§ 2α. Ǒ®áª®«ìªã¢¯¨á ­­ë© ã£®« ¢ ¤¢  à §  ¬¥­ìè¥ á®®â¢¥âáâ¢ãîé¥£® ¥¬ã æ¥­âà «ì­®£® ã£« , á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®
∠ADL = ∠ACK = α. � ª ª ª KL ‖ CD, ¬ë ¯®«ãç ¥¬ â ª�¥ ∠KLN = ∠LKN = α. �®£¤ 

∠LNK = 180◦ − 2∠KLN = 180◦ − 2α = 180◦ − ∠AO2L = 180◦ − ∠KO2L.Ǒ®íâ®¬ã ç¥âëà¥åã£®«ì­¨ª LNKO2 ¢¯¨á ­­ë©, ®âªã¤ 
∠KO2N = ∠KLN = α = 12 ∠AO2L.�­ ç¨â, ¯àï¬ ï O2N | ¡¨áá¥ªâà¨á  ã£«  ¯à¨ ¢¥àè¨­¥ ¢ à ¢­®¡¥¤à¥­­®¬ âà¥ã£®«ì­¨ª¥ AO2L,  ¯®â®¬ã ¨ ¢ëá®â . � ª¨¬ ®¡à §®¬, ¯àï¬ë¥ O2N ¨ O1A ¯¥à¯¥­¤¨ªã«ïà­ë. �4. � ä ©«¥ § ¯¨á ­® ¯®¤àï¤ 2021 ¤¢ã§­ ç­ëå ¯ïâ¥à¨ç­ëå ç¨á¥«, ¯à¨ç¥¬ ç¨á«  ­  ­¥ç¥â­ëå ¯®-§¨æ¨ïå à ¢­ë ¨ ­  1 ¡®«ìè¥ ç¨á¥« ­  ç¥â­ëå ¯®§¨æ¨ïå. �®¬¯ìîâ¥à áç¨â « ¤ ­­ë¥ ¨§ ä ©« ª ª ®¤­® ¯ïâ¥à¨ç­®¥ ç¨á«® ¨ à §«®�¨« ¥£® ­  ¯à®áâë¥ ¬­®�¨â¥«¨. �ª § «®áì, çâ® â ª¨å¬­®�¨â¥«¥© à®¢­® ¤¢  ¨ ®­¨ à §«¨ç îâáï ­  2. �®£«® «¨ â ª®¥ ¡ëâì?�â¢¥â: ­¥â.�¥è¥­¨¥. �®£®¢®à¨¬áï ¯¨á âì ¯ïâ¥à¨ç­ë¥ ç¨á«  ¢ áª®¡ª å, çâ®¡ë ®â«¨ç âì ¨å ®â ¤¥áïâ¨ç­ëå.Ǒãáâì x| áç¨â ­­®¥ ç¨á«®, u ¨ v | ¥£® ¯à®áâë¥ ¤¥«¨â¥«¨, v = u+2. � ¬¥â¨¬, çâ® ç¨á«® x+1 ç¥â­®¨ à ¢­® (

u+v2 )2, â® ¥áâì ï¢«ï¥âáï â®ç­ë¬ ª¢ ¤à â®¬. � ç áâ­®áâ¨, x+1 ªà â­® 4. �ã¤¥¬ ¯¨á âì x,
u, v ¢ ¯ïâ¥à¨ç­®© á¨áâ¥¬¥. �¨á«  u ¨ v ®ª ­ç¨¢ îâáï ­¥ ­  0, ¨­ ç¥ ®¤­® ¨§ ­¨å à ¢­® 5 ¨ x 6 35.Ǒ®íâ®¬ã ¤®¯ãáâ¨¬ë¥ ¯ àë ¯®á«¥¤­¨å æ¨äà u ¨ v | (1, 3), (2, 4), (4, 1). �­ ç¨â, x ®ª ­ç¨¢ ¥âáï ­ 3 ¨«¨ 4. � áá¬®âà¨¬ ¤¢  á«ãç ï.1) x ®ª ­ç¨¢ ¥âáï ­  4. �®£¤  x+1 ®ª ­ç¨¢ ¥âáï ­  0, ®âªã¤  (x+1) ... 25. �­ ç¨â, ¯®á«¥¤­¨¬¨æ¨äà ¬¨ x+ 1 ¡ã¤ãâ (00),   x ®ª ­ç¨¢ ¥âáï ­  (44). Ǒ®íâ®¬ã

x = (44 4344 . . . 4344 4344) ¨ x+ 1 = (44 4344 . . . 4344 4400).� § ¯¨áì x+1 ¢å®¤¨â 2021−32 = 1009 âà®¥ª. �®£¤  (x+1)mod 4 = 1009 ·3mod 4 6= 0, çâ® ­¥¢®§¬®�­®.2) x ®ª ­ç¨¢ ¥âáï ­  3. Ǒãáâì a| ¯à¥¤¯®á«¥¤­ïï æ¨äà  x. �®£¤  ¢ ¯ïâ¥à¨ç­ãî § ¯¨áì x æ¨äà 
a ¢å®¤¨â 2021 à §, ¤¢®©ª  ¨ âà®©ª  | 1010 ¨ 1011 à § á®®â¢¥âáâ¢¥­­®. Ǒ®íâ®¬ã0 = (x + 1)mod 4 = (2021a+ 1010 · 5 + 3 + 1)mod 4 = (a+ 2)mod 4,®âªã¤  a = 2 ¨ x = (23 2223 . . . 2223). Ǒ® ¯à¨§­ ªã ¤¥«¨¬®áâ¨ ­  6 ¢ ¯ïâ¥à¨ç­®© á¨áâ¥¬¥

xmod 6 = (1010 · (3− 2 + 2− 2) + 3− 2)mod 6 = 1011mod 6 = 3.� ª¨¬ ®¡à §®¬, x ... 3, çâ® ­¥¢®§¬®�­®. �5. � áâà ­¥ �¨¬®­¨¨ ¢ ®¡à é¥­¨¨ ¨á¯®«ì§ãîâáï ¬®­¥âë ¤®áâ®¨­áâ¢®¬ 5n, 5n−1 · 7, 5n−2 · 72,5n−3 · 73, . . . , 5 · 7n−1, 7n ¯¨ áâà®¢, £¤¥ n | ­ âãà «ì­®¥ ç¨á«®. �¨â¥«ì áâà ­ë § è¥« ¢ ¡ ­ª,­¥ ¨¬¥ï ¯à¨ á¥¡¥ ­ «¨ç­ëå ¤¥­¥£. � ªãî ­ ¨¡®«ìèãî áã¬¬ã ¥¬ã ­¥ á¬®£ãâ ¢ë¤ âì ¢ ¡ ­ª¥?�â¢¥â: 2 · 7n+1 − 3 · 5n+1.�¥è¥­¨¥. � âãà «ì­®¥ ç¨á«® s ­ §®¢¥¬ n-à §«®�¨¬ë¬, ¥á«¨ áã¬¬ã s ¬®�­® ¢ë¯« â¨âì ¬®­¥-â ¬¨ ¤®áâ®¨­áâ¢®¬ 5n, 5n−1 ·7, . . . , 7n ¯¨ áâà®¢, ¨ n-­¥à §«®�¨¬ë¬ ¢ ¯à®â¨¢­®¬ á«ãç ¥. Ǒà¨ n = 1¤®áâã¯­ë â®«ìª® ¬®­¥âë ¯® 5 ¨ 7 ¯¨ áâà®¢. �á«¨ s > 28, â® ­ ©¤¥âáï â ª®¥ r ∈ {0, 1, 2, 3, 4}, çâ®(s−7r) ... 5. �®£¤  s ¨¬¥¥â ¢¨¤ 7r+5k, â® ¥áâì ï¢«ï¥âáï 1-à §«®�¨¬ë¬. �ç¥¢¨¤­® â ª�¥, çâ® ç¨á« 



27, 26, 25, 24 ¡ã¤ãâ 1-à §«®�¨¬ë¬¨,   23 | ­¥â. � ª¨¬ ®¡à §®¬, ¬ ªá¨¬ «ì­ë¬ 1-­¥à §«®�¨¬ë¬ç¨á«®¬ ï¢«ï¥âáï 23 = 2 · 72 − 3 · 52.�®ª �¥¬, çâ® ¤«ï «î¡®£® ­ âãà «ì­®£® n ç¨á«® 2·7n+1−3·5n+1 ¡ã¤¥â n-­¥à §«®�¨¬ë¬. �¤¥« ¥¬íâ® ¯® ¨­¤ãªæ¨¨. � §ã ¬ë ã�¥ ¯à®¢¥à¨«¨. Ǒãáâì ¤«ï n− 1 ãâ¢¥à�¤¥­¨¥ á¯à ¢¥¤«¨¢®. �®¯ãáâ¨¬,çâ® ç¨á«® s = 2 · 7n+1 − 3 · 5n+1 ®ª § «®áì n-à §«®�¨¬ë¬. �á«¨ ¢ áã¬¬ã s ¢å®¤¨â m ¬®­¥â ¯® 7n¯¨ áâà®¢, â® m < 14 ¨ (2 · 7n+1 −m · 7n) ... 5, ®âªã¤  m = 4 ¨«¨ m = 9. � ©¤ãâáï ­¥®âà¨æ â¥«ì­ë¥æ¥«ë¥ ç¨á«  k1, . . . , kn, ¤«ï ª®â®àëå
s = m · 7n + k1 · 7n−1 · 5 + . . .+ kn · 5n.�®£¤ 

k1 · 7n−1 + k2 · 7n−2 · 5 + . . .+ kn · 5n−1 = s−m · 7n5 .Ǒà ¢ ï ç áâì à ¢­  2 · 7n − 3 · 5n ¨«¨ 7n − 3 · 5n. �® ®¡  íâ¨å ç¨á«  (n − 1)-­¥à §«®�¨¬ë: ¯¥à-¢®¥ | ¯® ¨­¤ãªæ¨®­­®¬ã ¯à¥¤¯®«®�¥­¨î, ¢â®à®¥ | ¯®áª®«ìªã ¨§ ­¥£® ¬®�­® ¯®«ãç¨âì ¯¥à¢®¥¤®¡ ¢«¥­¨¥¬ 7 · 7n−1. � ª¨¬ ®¡à §®¬, ¬ë ¯®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥.�®ª �¥¬ â¥¯¥àì, çâ® ¥á«¨ s > 2 · 7n+1 − 3 · 5n+1, â® ç¨á«® s ï¢«ï¥âáï n-à §«®�¨¬ë¬. �­®¢ ¢®á¯®«ì§ã¥¬áï ¨­¤ãªæ¨¥© ¯® n. � §ã ¬ë ã�¥ ¯à®¢¥à¨«¨. Ǒà¥¤¯®«®�¨¬, çâ® ¤«ï n−1 ãâ¢¥à�¤¥­¨¥á¯à ¢¥¤«¨¢®. �ë¡¥à¥¬ r ∈ {0, 1, 2, 3, 4} â ª, çâ®¡ë s− r · 7n ¤¥«¨«®áì ­  5. Ǒ®«®�¨¬ N = s− r · 7n5 .�®£¤ 
N >

2 · 7n+1 − 3 · 5n+1 − r · 7n5 = (14− r) 7n − 3 · 5n+15 >
10 · 7n − 15 · 5n5 = 2 · 7n − 3 · 5n,¨ ¯® ¨­¤ãªæ¨®­­®¬ã ¯à¥¤¯®«®�¥­¨î N ¡ã¤¥â (n − 1)-à §«®�¨¬ë¬. �­ ç¨â, ­ ©¤ãâáï ­¥®âà¨æ -â¥«ì­ë¥ æ¥«ë¥ ç¨á«  k1, . . . , kn, ¤«ï ª®â®àëå

N = k1 · 7n−1 + k2 · 7n−2 · 5 + . . .+ kn · 5n−1, â® ¥áâì s = r · 7n + k1 · 7n−1 · 5 + . . .+ kn · 5n.� ª¨¬ ®¡à §®¬, ç¨á«® s ï¢«ï¥âáï n-à §«®�¨¬ë¬. �



� à¨ ­â 81. �®�­® «¨ ¢ â ¡«¨æ¥ 25× 41 à ááâ ¢¨âì à §«¨ç­ë¥ æ¥«ë¥ ç¨á«  â ª, çâ®¡ë ç¨á« , áâ®ïé¨¥ ¢ª«¥âª å, ¨¬¥îé¨å ®¡éãî áâ®à®­ã, ®â«¨ç «¨áì ­¥ ¡®«¥¥ ç¥¬ ­  16?�â¢¥â: ­¥â.�¥è¥­¨¥. Ǒãáâì m | ­ ¨¬¥­ìè¥¥ ç¨á«® ¢ â ¡«¨æ¥. Ǒ¥à¥¬¥é ïáì ª �¤ë© à § ­  ®¤­ã ª«¥âªã¢ £®à¨§®­â «ì­®¬ ¨«¨ ¢¥àâ¨ª «ì­®¬ ­ ¯à ¢«¥­¨¨, ¬ë á¬®�¥¬ ¯®¯ áâì ¢ «î¡ãî ª«¥âªã â ¡«¨æë § ­¥ ¡®«¥¥ ç¥¬ 24+40 = 64 è £®¢. Ǒ® ãá«®¢¨î ­  ª �¤®¬ è £¥ §­ ç¥­¨¥ ¢ ª«¥âª¥ ¬®�¥â ã¢¥«¨ç¨âìáï­¥ ¡®«¥¥ ç¥¬ ­  16. Ǒ®íâ®¬ã ¢á¥ ç¨á«  â ¡«¨æë «¥� â ¢ ¯à®¬¥�ãâª¥ [m,m+64 ·16℄. �â®â ¤¨ ¯ §®­á®¤¥à�¨â 64 · 16 + 1 = 1025 ç¨á¥«, â® ¥áâì à®¢­® áâ®«ìª®, áª®«ìª® ª«¥â®ª ¢ â ¡«¨æ¥. �­ ç¨â,â ¡«¨æ  § ¯®«­¥­  ¢ ­¥ª®â®à®¬ ¯®àï¤ª¥ ç¨á« ¬¨ ®â m ¤® m + 64 · 16. � ¬¥â¨¬, çâ® ¬¨­¨¬ «ì­®¥¨ ¬ ªá¨¬ «ì­®¥ ç¨á«  à á¯®« £ îâáï ¢ ¯à®â¨¢®¯®«®�­ëå ã£« å â ¡«¨æë. Ǒà¨ ¯¥à¥¬¥é¥­¨¨ ®â¬¨­¨¬ «ì­®£® ç¨á«  ª ¬ ªá¨¬ «ì­®¬ã ¯® ¬ àèàãâã, á®áâ®ïé¥¬ã ¨§ 64 è £®¢, ­ ¬ ­ã�­® ª �¤ë©à § ã¢¥«¨ç¨¢ âì §­ ç¥­¨¥ à®¢­® ­  16. �® â ª¨å ¬ àèàãâ®¢ ¬­®£®. � ¯à¨¬¥à, ¬ë ¬®�¥¬ ¯à®©â¨®â m ª m + 64 · 16 ç¥à¥§ «î¡ãî ¨§ ¤¢ãå ª«¥â®ª, £à ­¨ç é¨å á m. �­ ç¨â, ¢ íâ¨å ª«¥âª å áâ®ïâ®¤¨­ ª®¢ë¥ ç¨á« . �2. Ǒà¨ a, b, c > 0 ­ ©¤¨â¥ ¬ ªá¨¬ «ì­®¥ §­ ç¥­¨¥ ¢ëà �¥­¨ï
A = a3(b+ c) + b3(c+ a) + c3(a+ b)(a+ b+ c)4 − 79 (abc)4/3 .�â¢¥â: 3.�¥è¥­¨¥. Ǒ® ­¥à ¢¥­áâ¢ã �®è¨

a3(b+c)+b3(c+a)+c3(a+b) = (a+b+c)(a3+b3+c3)−(
a4+b4+c4) 6 (a+b+c)(a3+b3+c3)−3 (abc)4/3.� ¬¥â¨¬, çâ® (a+ b+ c)3 = a3 + b3 + c3 + 6abc+B, £¤¥

B = 3 (a2b+ ab2 + b2c+ bc2 + c2a+ ca2) > 18 6√
a6b6c6 = 18abc(¬ë ¢®á¯®«ì§®¢ «¨áì ­¥à ¢¥­áâ¢®¬ �®è¨). �®£¤  a3 + b3 + c3 6 (a+ b+ c)3 − 24abc ¨(a+b+c)(a3+b3+c3)−3 (abc)4/3 6 (a+b+c)4−24abc (a+b+c)−3 (abc)4/3 6 (a+b+c)4−75 (abc)4/3.Ǒ®«®�¨¬ t = (a+ b+ c)4(abc)4/3 . Ǒ® ­¥à ¢¥­áâ¢ã �®è¨ t > 81, ®âªã¤ 

A 6
(a+ b+ c)4 − 75 (abc)4/3(a+ b+ c)4 − 79 (abc)4/3 = t− 75

t− 79 = 1 + 4
t− 79 6 3.� ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ a = b = c. �3. �ªàã�­®áâ¨ ω1 ¨ ω2 á æ¥­âà ¬¨ O1 ¨ O2 á®®â¢¥âáâ¢¥­­® ¯¥à¥á¥ª îâáï ¢ â®çª¥ B. Ǒà®¤®«-�¥­¨¥ ®âà¥§ª  O2B §  â®çªã B ¯¥à¥á¥ª ¥â ®ªàã�­®áâì ω1 ¢ â®çª¥ K,   ¯à®¤®«�¥­¨¥ ®âà¥§ª 

O1B §  â®çªã B ¯¥à¥á¥ª ¥â ®ªàã�­®áâì ω2 ¢ â®çª¥ L. Ǒàï¬ ï, ¯à®å®¤ïé ï ç¥à¥§ â®çªã B¯ à ««¥«ì­® KL, ¢â®à¨ç­® ¯¥à¥á¥ª ¥â ®ªàã�­®áâ¨ ω1 ¨ ω2 ¢ â®çª å A ¨ C á®®â¢¥âáâ¢¥­­®.�ãç¨ AK ¨ CL ¯¥à¥á¥ª îâáï ¢ â®çª¥ N . � ©¤¨â¥ ã£®« ¬¥�¤ã ¯àï¬ë¬¨ O1N ¨ O2B.�â¢¥â: 90◦.
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�¥è¥­¨¥. � ª ª ª ∠O1BK = ∠O2BL, à ¢­®¡¥¤à¥­­ë¥ âà¥ã£®«ì­¨ª¨ O1BK ¨ O2BL ¯®¤®¡­ë.�­ ç¨â, ¨å ã£«ë ¯à¨ ¢¥àè¨­¥ à ¢­ë. �¡®§­ ç¨¬ ®¡é¥¥ §­ ç¥­¨¥ íâ¨å ã£«®¢ ç¥à¥§ 2α. Ǒ®áª®«ìªã¢¯¨á ­­ë© ã£®« ¢ ¤¢  à §  ¬¥­ìè¥ á®®â¢¥âáâ¢ãîé¥£® ¥¬ã æ¥­âà «ì­®£® ã£« , á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®
∠BCL = ∠BAK = α. � ª ª ª KL ‖ AC, ¬ë ¯®«ãç ¥¬ â ª�¥ ∠KLN = ∠LKN = α. �®£¤ 

∠LNK = 180◦ − 2∠LKN = 180◦ − 2α = 180◦ − ∠BO1K = 180◦ − ∠LO1K.Ǒ®íâ®¬ã ç¥âëà¥åã£®«ì­¨ª LNKO1 ¢¯¨á ­­ë©, ®âªã¤ 
∠LO1N = ∠LKN = α = 12 ∠BO1K.�­ ç¨â, ¯àï¬ ï O1N | ¡¨áá¥ªâà¨á  ã£«  ¯à¨ ¢¥àè¨­¥ ¢ à ¢­®¡¥¤à¥­­®¬ âà¥ã£®«ì­¨ª¥ BO1K,  ¯®â®¬ã ¨ ¢ëá®â . � ª¨¬ ®¡à §®¬, ¯àï¬ë¥ O1N ¨ O2B ¯¥à¯¥­¤¨ªã«ïà­ë. �4. � ä ©«¥ § ¯¨á ­® ¯®¤àï¤ 2023 ¤¢ã§­ ç­ëå ¯ïâ¥à¨ç­ëå ç¨á¥«, ¯à¨ç¥¬ ç¨á«  ­  ­¥ç¥â­ëå ¯®-§¨æ¨ïå à ¢­ë ¨ ­  1 ¡®«ìè¥ ç¨á¥« ­  ç¥â­ëå ¯®§¨æ¨ïå. �®¬¯ìîâ¥à áç¨â « ¤ ­­ë¥ ¨§ ä ©« ª ª ®¤­® ¯ïâ¥à¨ç­®¥ ç¨á«® ¨ à §«®�¨« ¥£® ­  ¯à®áâë¥ ¬­®�¨â¥«¨. �ª § «®áì, çâ® â ª¨å¬­®�¨â¥«¥© à®¢­® ¤¢  ¨ ®­¨ à §«¨ç îâáï ­  2. �®£«® «¨ â ª®¥ ¡ëâì?�â¢¥â: ­¥â.�¥è¥­¨¥. �®£®¢®à¨¬áï ¯¨á âì ¯ïâ¥à¨ç­ë¥ ç¨á«  ¢ áª®¡ª å, çâ®¡ë ®â«¨ç âì ¨å ®â ¤¥áïâ¨ç­ëå.Ǒãáâì x| áç¨â ­­®¥ ç¨á«®, u ¨ v | ¥£® ¯à®áâë¥ ¤¥«¨â¥«¨, v = u+2. � ¬¥â¨¬, çâ® ç¨á«® x+1 ç¥â­®¨ à ¢­® (

u+v2 )2, â® ¥áâì ï¢«ï¥âáï â®ç­ë¬ ª¢ ¤à â®¬. � ç áâ­®áâ¨, x+1 ªà â­® 4. �ã¤¥¬ ¯¨á âì x,
u, v ¢ ¯ïâ¥à¨ç­®© á¨áâ¥¬¥. �¨á«  u ¨ v ®ª ­ç¨¢ îâáï ­¥ ­  0, ¨­ ç¥ ®¤­® ¨§ ­¨å à ¢­® 5 ¨ x 6 35.Ǒ®íâ®¬ã ¤®¯ãáâ¨¬ë¥ ¯ àë ¯®á«¥¤­¨å æ¨äà u ¨ v | (1, 3), (2, 4), (4, 1). �­ ç¨â, x ®ª ­ç¨¢ ¥âáï ­ 3 ¨«¨ 4. � áá¬®âà¨¬ ¤¢  á«ãç ï.1) x ®ª ­ç¨¢ ¥âáï ­  4. �®£¤  x+1 ®ª ­ç¨¢ ¥âáï ­  0, ®âªã¤  (x+1) ... 25. �­ ç¨â, ¯®á«¥¤­¨¬¨æ¨äà ¬¨ x+ 1 ¡ã¤ãâ (00),   x ®ª ­ç¨¢ ¥âáï ­  (44). Ǒ®íâ®¬ã

x = (44 4344 . . . 4344 4344) ¨ x+ 1 = (44 4344 . . . 4344 4400).� § ¯¨áì x+1 ¢å®¤¨â 2023−32 = 1010 âà®¥ª. �®£¤  (x+1)mod 4 = 1010 ·3mod 4 6= 0, çâ® ­¥¢®§¬®�­®.2) x ®ª ­ç¨¢ ¥âáï ­  3. Ǒãáâì a| ¯à¥¤¯®á«¥¤­ïï æ¨äà  x. �®£¤  ¢ ¯ïâ¥à¨ç­ãî § ¯¨áì x æ¨äà 
a ¢å®¤¨â 2023 à § , ¤¢®©ª  ¨ âà®©ª  | 1011 ¨ 1012 à § á®®â¢¥âáâ¢¥­­®. Ǒ®íâ®¬ã0 = (x+ 1)mod 4 = (2023a+ 1011 · 5 + 3 + 1)mod 4 = (3a+ 3)mod 4,®âªã¤  a = 3 ¨ x = (33 3233 . . . 3233). Ǒ® ¯à¨§­ ªã ¤¥«¨¬®áâ¨ ­  6 ¢ ¯ïâ¥à¨ç­®© á¨áâ¥¬¥

xmod 6 = 1011 · (3− 3 + 2− 3)mod 6 = (−1011)mod 6 = 3.



� ª¨¬ ®¡à §®¬, x ... 3, çâ® ­¥¢®§¬®�­®. �5. � áâà ­¥ �¨¬®­¨¨ ¢ ®¡à é¥­¨¨ ¨á¯®«ì§ãîâáï ¬®­¥âë ¤®áâ®¨­áâ¢®¬ 3n, 3n−1 · 4, 3n−2 · 42,3n−3 · 43, . . . , 3 · 4n−1, 4n ¯¨ áâà®¢, £¤¥ n | ­ âãà «ì­®¥ ç¨á«®. �¨â¥«ì áâà ­ë § è¥« ¢ ¡ ­ª,­¥ ¨¬¥ï ¯à¨ á¥¡¥ ­ «¨ç­ëå ¤¥­¥£. � ªãî ­ ¨¡®«ìèãî áã¬¬ã ¥¬ã ­¥ á¬®£ãâ ¢ë¤ âì ¢ ¡ ­ª¥?�â¢¥â: 2 · 4n+1 − 3n+2.�¥è¥­¨¥. � âãà «ì­®¥ ç¨á«® s ­ §®¢¥¬ n-à §«®�¨¬ë¬, ¥á«¨ áã¬¬ã s ¬®�­® ¢ë¯« â¨âì ¬®-­¥â ¬¨ ¤®áâ®¨­áâ¢®¬ 3n, 3n−1 · 4, . . . , 4n ¯¨ áâà®¢, ¨ n-­¥à §«®�¨¬ë¬ ¢ ¯à®â¨¢­®¬ á«ãç ¥. Ǒà¨
n = 1 ¤®áâã¯­ë â®«ìª® ¬®­¥âë ¯® 3 ¨ 4 ¯¨ áâà . �á«¨ s > 8, â® ­ ©¤¥âáï â ª®¥ r ∈ {0, 1, 2}, çâ®(s−4r) ... 5. �®£¤  s ¨¬¥¥â ¢¨¤ 4r+3k, â® ¥áâì ï¢«ï¥âáï 1-à §«®�¨¬ë¬. �ç¥¢¨¤­® â ª�¥, çâ® ç¨á« 7 ¨ 6 ¡ã¤ãâ 1-à §«®�¨¬ë¬¨,   5 | ­¥â. � ª¨¬ ®¡à §®¬, ¬ ªá¨¬ «ì­ë¬ 1-­¥à §«®�¨¬ë¬ ç¨á«®¬ï¢«ï¥âáï 5 = 2 · 42 − 33.�®ª �¥¬, çâ® ¤«ï «î¡®£® ­ âãà «ì­®£® n ç¨á«® 2 · 4n+1− 3n+2 ¡ã¤¥â n-­¥à §«®�¨¬ë¬. �¤¥« ¥¬íâ® ¯® ¨­¤ãªæ¨¨. � §ã ¬ë ã�¥ ¯à®¢¥à¨«¨. Ǒãáâì ¤«ï n− 1 ãâ¢¥à�¤¥­¨¥ á¯à ¢¥¤«¨¢®. �®¯ãáâ¨¬,çâ® ç¨á«® s = 2 · 4n+1 − 3n+2 ®ª § «®áì n-à §«®�¨¬ë¬. �á«¨ ¢ áã¬¬ã s ¢å®¤¨â m ¬®­¥â ¯® 4n¯¨ áâà®¢, â® m < 8 ¨ (2 · 4n+1 −m · 4n) ... 3, ®âªã¤  m = 2 ¨«¨ m = 5. � ©¤ãâáï ­¥®âà¨æ â¥«ì­ë¥æ¥«ë¥ ç¨á«  k1, . . . , kn, ¤«ï ª®â®àëå

s = m · 4n + k1 · 4n−1 · 3 + . . .+ kn · 3n.�®£¤ 
k1 · 4n−1 + k2 · 4n−2 · 3 + . . .+ kn · 3n−1 = s−m · 4n3 .Ǒà ¢ ï ç áâì à ¢­  2 · 4n − 3n+1 ¨«¨ 4n − 3n+1. �® ®¡  íâ¨å ç¨á«  (n − 1)-­¥à §«®�¨¬ë: ¯¥à-¢®¥ | ¯® ¨­¤ãªæ¨®­­®¬ã ¯à¥¤¯®«®�¥­¨î, ¢â®à®¥ | ¯®áª®«ìªã ¨§ ­¥£® ¬®�­® ¯®«ãç¨âì ¯¥à¢®¥¤®¡ ¢«¥­¨¥¬ 4 · 4n−1. � ª¨¬ ®¡à §®¬, ¬ë ¯®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥.�®ª �¥¬ â¥¯¥àì, çâ® ¥á«¨ s > 2 · 4n+1 − 3n+2, â® ç¨á«® s ï¢«ï¥âáï n-à §«®�¨¬ë¬. �­®¢  ¢®á-¯®«ì§ã¥¬áï ¨­¤ãªæ¨¥© ¯® n. � §ã ¬ë ã�¥ ¯à®¢¥à¨«¨. Ǒà¥¤¯®«®�¨¬, çâ® ¤«ï n − 1 ãâ¢¥à�¤¥­¨¥á¯à ¢¥¤«¨¢®. �ë¡¥à¥¬ r ∈ {0, 1, 2} â ª, çâ®¡ë s − r · 4n ¤¥«¨«®áì ­  3. Ǒ®«®�¨¬ N = s− r · 4n3 .�®£¤ 

N >
2 · 4n+1 − 3n+2 − r · 4n3 = (8− r) 4n − 3n+23 >

6 · 4n − 3 · 3n+13 = 2 · 4n − 3n+1,¨ ¯® ¨­¤ãªæ¨®­­®¬ã ¯à¥¤¯®«®�¥­¨î N ¡ã¤¥â (n − 1)-à §«®�¨¬ë¬. �­ ç¨â, ­ ©¤ãâáï ­¥®âà¨æ -â¥«ì­ë¥ æ¥«ë¥ ç¨á«  k1, . . . , kn, ¤«ï ª®â®àëå
N = k1 · 4n−1 + k2 · 4n−2 · 3 + . . .+ kn · 3n−1, â® ¥áâì s = r · 4n + k1 · 4n−1 · 3 + . . .+ kn · 3n.� ª¨¬ ®¡à §®¬, ç¨á«® s ï¢«ï¥âáï n-à §«®�¨¬ë¬. �
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